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This applied research examines multiple-attribute decision-making issues 

that involve Pythagorean fuzzy (PyF) information. An advanced method for 

multiple-attribute decision-making, which employs arithmetic and geometric 

operations to create aggregation operators on Pythagorean fuzzy sets, is 

introduced. More detailed, Pythagorean prioritized fuzzy power Aczel-Alsina 

geometric and Pythagorean prioritized fuzzy power Aczel-Alsina averaging 

operators are proposed. Several associated properties of the novel prioritized 

aggregation operators are addressed. A multiple-attribute decision-making 

model is constructed based on the proposed prioritized aggregation 

operators. A numerical study demonstrates smart governance research 

applications of the developed aggregation operators. Finally, the significant 

advances of the developed prioritized aggregation operators are confirmed 

through comparison analyses.  
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1. Introduction 

 
When conventional data models are commonly employed, managing uncertainty and vague 

information turns into a significant challenge in learning processes. Classical set theory, which 
categorizes elements into members and non-members, often finds it difficult to explain complex 
phenomena such as knowledge, age, attractiveness, or intellect. Zadeh [�] introduced fuzzy sets (FSs) 
in 1965 to overcome this limitation by enabling the representation of partial membership degree 
(MD). However, FSs capture only one aspect of uncertainty, overlooking the complementary aspect 
represented by the non-membership degree (NMD). Atanassov [2] proposed intuitionistic fuzzy sets 
(IFSs) as a more comprehensive framework for representing uncertainty, incorporating both MD and 
NMD to describe uncertain events. Unlike FSs that assign a single numerical value for partial MD, an 
IFS is represented as a triplet (i.e., MD, NMD, and hesitancy degree (HD)), where HD measures the 
level of uncertainty or doubt related to a specific evaluation. Yager [3] developed this issue by 
adjusting the sum of the score squares to fall within [0,1], introducing the concept of Pythagorean 
fuzzy sets (PyFSs). 

                                                      
* Corresponding author. 

E-mail address: tahirawaqas05@gmail.com 

 
https://doi.org/10.65069/ara2120266  
 

© The Author(s) 2026 | Creative Commons Attribution 4.0 International License 



Applied Research Advances 

Volume 2, Issue 1 (2026) 146-161 

147 
 
 

Sarfraz & Gul [4] introduced Schweizer-Sklar t-norm (TN) and t-conorm (TCN) aggregation 
operators (AOs) and provided an applications in agricultural management systems. Meanwhile, Jana 
et al. [5] developed prioritized AOs for bipolar fuzzy information based on Dombi TN and TCN. Riaz 
et al. [6] conducted research on prioritized AOs for generalized orthopair fuzzy sets.  

Recent studies have continued to explore prioritized AOs, as evidenced by additional research. 
The concept introduced by Aczel–Alsina (AA) AOs represents a relatively recent contribution to fuzzy 
mathematics theory, which already encompasses several significant concepts. Some TNs and TCNs 
have been applied to classification issues, with Farahbod & Eftekhari [7] finding that the AA TN was 
the most successful. Senapati et al. [8] developed the concepts of AA AOs with IFs. Hussain et al. [9] 
gave the concepts of AA AOs with PyFS and the application of multi-attribute decision-making 
(MADM). Senapati et al. [10] expanded the theory and gave the concepts of AA with geometric 
operators within the framework of work AA TN and T-CN.  

Sarfraz et al. [11] introduced the theory AA AOs with PAOs on IFs. Ullah et al. [12] proposed the 
concepts of AA AOs with AA operators. Akram et al. [13] defined the concepts of AA with priority 
degree based on the AOs. Hussain et al. [14] expanded the concept of AA with the Hamy mean AOs 
and their application of MADM. Liu et al. [15] extended the concepts of AA with complex IFs. 
Mahmood et al. [16] gave the theory of AA with power AOs. Wang et al. [17] defined the concept of 
AA  power AOs on IFs.  

Yang et al. [18] introduced the concepts of smart agriculture solutions with the PyFSs. Akram et 

al. [20] expanded the concepts of mobility sharing using the PyFSs with MADM. Li et al. [21] expanded 
the theory of smart cities based on FSs. Ahmad et al. [22] gave the concepts of a smart green city 
with a complex network. Nastijuk et al. [23] defined the application of smart cities governance 
models. Hanine et al. [24] expanded the concepts of smart cities for developing countries. Hadi et al. 
[25] proposed the theory of Hamacher AOs with MADM. Asif et al. [26] used the Hamacher AOs with 
PyFSs. Wang et al. [27] extended the theory of PyFSs with power Bonferroni mean AOs. Batool et al. 
[28] defined the concept of PyFSs with MADM. Garg et al. [29] defined the PyFSs with the application 
of MADM. Garg et al. [30] proposed the PyFSs with sine trigonometric operational laws. Senapati et 

al. [31] defined the theory of PyFSs with the AA operator.  
The above literature review led us to understand that AOs used in MADM are complex when 

applied to real-life phenomena. For the best alternative in MADM to be obtained, the information 
should be handled more suitably. Moreover, PyFSs operate in an environment that handles ambiguity 
more effectively than FS, IFS, and interval-value FS. Up to this point, we have not identified the 
application of AA TN and TCN within the power framework of PyFSs.  

Considering these aspects, we are driven to formalize the conception of AA AOs within the design 
of PyFSs and subsequently examine their applications in MADM: 
 

i. An advanced PyFSs MADM method, based on the novel operators, is proposed. 
ii. The introduced approach is executed through comparative analysis with current methods 

to demonstrate its reliability and effectiveness. 
iii. Smart governance research applications of the proposed model are provided.     

Regarding the organization of this study, Section 2 defines some concepts related to PyFSs and 
AA operations. We defined the PyPFPAAG and PyPFPAAA AO series and analyzed their relative 
properties in Section 3. Section 4 gives the advanced PyFSs MADM method. Smart governance 
research applications of the proposed model are provided in Section 5. The comparison analyses are 
provided in Section 6. In Section 7, we present conclusions and limitations. 
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2. Preliminaries 

 

The goal of this section is to review the core idea of PyFS and investigate its reliable and efficient 

operating laws within the context of AA operators. Here, the symbol Ẑ denotes the fixed set. 

Definition ����: To employ a fixed set Ẑ, we define the theory of PyFS � as follows [3]:  
 � = ��µ
�ⱬ
, �
�ⱬ
�|ⱬ ∈ Ẑ�  (1)

 

Here, we redefine the theory of MG and NMG as functions µ
: Ẑ → �0, �� and �
: Ẑ → �0, ��, 

respectively, with the reliable characteristic 0 ≤ µ
��ⱬ
 + �
��ⱬ
 ≤ �. Additionally, we introduce the 

theory of HD defined as ȓ
�ⱬ
 = ��� −  µ
��ⱬ
 + �
��ⱬ
!" ∈ �0, ��. Here, we present the simple 

form of PyFV as �µ
�ⱬ
, �
�ⱬ
�. 

Definition 2: For some PyF value (PyFV) � = �µ
�ⱬ
, �
�ⱬ
�, we have [3]: 

 Ɽ��
 = µ
��ⱬ
 − �
��ⱬ
  (2)
 Ɱ��
 = µ
��ⱬ
 + �
��ⱬ
  (3)
 

where Ɽ��
 ∈ �−�, �� and Ɱ��
 ∈ �0, ��. In Eq. (2), the information conveys the notion of the score 
function, while Eq. (3) relates to the accuracy function. 

Definition 3: For some PyFVs � = �µ
�ⱬ
, �
�ⱬ
�, �& =  µ
��ⱬ
, �
��ⱬ
!, and �' = µ
(�ⱬ
, �
(�ⱬ
! with ) ≥ � and + > 0, we have: 

 

�� ⊕ �� = ⎝⎜
⎛1� − ℯ3�4356  �3µ7�( !89:4356  �3µ7(( !89"�9 , ℯ3�4356 ;7�!89: 356�;7(�!9"�9

⎠⎟
⎞

  (4)

 

�� ⊗ �� = ⎝⎜
⎛ℯ3�4356 ;7�!89: 356�;7(�!9"�9 , 1� − ℯ3�4356  �3µ7�( !89:4356  �3µ7(( !89"�9  ⎠⎟

⎞
 (5)

 

Ԏ� = ⎝⎜
⎛1� − ℯ�3Ԏ4 356��3µ7(�!98"�/9 , ℯ3 Ԏ�356�;7
�9!�/9

⎠⎟
⎞

  (6)

 

�Ԏ = ⎝⎜
⎛ℯ3 Ԏ�356�;7
�9!�/9 , 1� − ℯ�3Ԏ4 356 ��3µ7(�!98"�/9  ⎠⎟

⎞
  (7)
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3. Prioritized Aczel-Alsina Operators for Pythagorean Fuzzy Information 

 
We aim to create PyPFPAAG and PyPFPAAA operators in this section, which take information 

prioritization into account when aggregating data, based on PyFVs and AA TN and TCN, respectively.  

Definition 4: For some PyFVs �B =  µ
C�ẇ
, �
C�ẇ
! �E = �, 2,3, … , I
 we discuss the 

PyPFPAAA operator's theory having: 
 JKJLJMMM���, ��, … , �N
 = ⊕CO�I PC��:�
C
�
C ∑ PC��:�
C
�ICO�   (8)

 

Theorem ����: Let �R =  µ
C�ẇ
, �
C�ẇ
! �E = �, 2,3, … , I
 represent the collections of PyFVs, 

then the aggregated value generated due to applying the PyPFPAAA operation is also a PyFV. Also, S = �S�,S�, … , SR
 represents the weight vector of �R  �E = �, 2,3, … , I
, such that SR > 0, and ∑ SRIRT� = �, and 
 

JKJLJMMMP���, ��, … , �N
 = ⎝⎜⎜
⎛1� − ℯ3U∑ � VC �WX�YB�!∑ VC �WX�YB�!ICO� "ICO� �356  �3µ7C( !"9Z�/9,

ℯ3�∑ � VC �WX�YB�!∑ VC �WX�YB�!ICO� "ICO� 4356 ;7C!89"�/9  ⎠⎟⎟
⎞

  (9)

 
Proof of Theorem 1 is provided in Appendix 1. 
For the finite values of PyFVs, we derive here the theory of idempotency, monotonicity, and 

boundedness. 

Theorem 2: If �R = � = �µ
�ⱬ
, �
�ⱬ
�, then: 

 JKJLJMMM���, ��, … , �N
 = �  (10)
 
Proof of Theorem 2 is provided in Appendix 2. 
 

Theorem 3: When �3 =  minR µ
C�ⱬ
 , maxR �
C�ⱬ
! and �: =  maxR µ
C�ⱬ
 , minR �
C�ⱬ
!, then: 

 �3 ≤  JKJLJMMM���, ��, … , �N
 ≤ �:
  (11)

 
Proof of Theorem 3 is provided in Appendix 3. 
 
Theorem 4: If �R ≤ �R̀, then: 
 JKJLJMMM��� , ��, �a, … , �R
 ≤ JKJLJMMM���̀, ��̀, �à, … , �R̀
  (12)
 
Proof of Theorem 4 is provided in Appendix 4. 
 

Theorem 5: Consider  �R =  µ
C�ⱬ
, �
C�ⱬ
! �E = �, 2,3, … , I
 be a collection of PyFVs with XR = ∏cT�R3�d �E = 2,3, … , I
 and XR = �, where d��c
 is the score of PyFV �c. If e = �f, g
  is a PFV, 
then: 
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JKJLJMMM��� ⊕ e, �� ⊕ e, … , �R ⊕ e
 = JKJLJMMM���, ��, … , �R
 ⊕ e  (13)
 
Proof of Theorem 5 is provided in Appendix 5. 

Theorem 6: Consider �R =  µ
C�ⱬ
, �
C�ⱬ
! �E = �, 2,3, … , I
 be a collection of PyFVs, with XR = ∏cT�R3�d �E = 2,3, … , I
 and XR = �, where d��c
 is the score of PyFV �c. If Ԏ ≤ 0, then: 
 JKJLJMMM�Ԏ��, Ԏ��, … , Ԏ�R
 = ԎJKJLJMMM���, ��, … , �R
  (14)
 
Proof of Theorem 6 is provided in Appendix 6. 

Theorem 7: Consider  �R =  µ
C�ⱬ
, �
C�ⱬ
! �E = �, 2,3, … , I
 be a collection of PyFVs, with XR = ∏cT�R3�d�hc
 and X� = �, where and d��c
 is the score of PyFVs �c. If Ԏ > 0, e = �f, g
 is a 
PFV. Then: 

 JKJLJMMM�Ԏ�� ⊕ e, Ԏ�� ⊕ e, … , Ԏ�R ⊕ e
 = ԎJKJLJMMM���, ��, … , �R
 ⊕ e  (15)
 

Theorem 8: Consider  �R =  µ
C�ⱬ
, �
C�ⱬ
! and eR =  f
C�ⱬ
, g
C�ⱬ
! �E = �, 2,3, … , I
 be 

two collections of PyFVs, with XR = ∏cT�R3�d��c
 and X� = �, where d��c
 is the score of PyFVs �c. 
Then: 

 JKJLJMMM��� ⊕ e�, … , �I ⊕ eI
 = JKJLJMMM���, … , �I
 ⊕ JKJLJMMM�e�, … , eI
 (16)
 

Definition 5: In the availability of PyFVs �R =  µ
C�ⱬ
, �
C�ⱬ
! �E = �, 2,3, … , I
, the PyPFPAAG 

operator is stated as: 
 JKJLJMMi: j∗I → j∗

 (17)
 

by: 
 JKJLJMMi�h�, h�, … , hN
 = X�∑ XCICO� �h�
 ⊗ … ⊗ XI∑ XCICO� �hI
 =⊗RT�I � XC∑ XCICO� �hR
"  (18)

 

Theorem 9: In the accessibility of PyFVs YB =  µ
C�ⱬ
, �
C�ⱬ
! �E = �, 2,3, … , I
, we 

demonstrate that the resulting theory from Eq. (�9) is once more formed like PyFV: 
 

JKJLJMMi���, ��, … , �N
 =
⎝⎜
⎜⎛ ℯ3l∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� 4356 µ7C!89r�/9 ,1� − ℯ3l∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� �356 �3;7C( !"9r�/9  

⎠⎟
⎟⎞  (19)

 

Theorem ����0: When �R = � = �µ
�ⱬ
, �
�ⱬ
�, then: 

 JKJLJMMi���, ��, … , �N
 = �  (20)
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Theorem ��������: When �3 =  minR µ
C�ⱬ
 , maxR �
C�ⱬ
! and �: =  maxR µ
C�ⱬ
 , minR �
C�ⱬ
!, then: 

  �3 ≤  JKJLJMMi���, ��, … , �N
 ≤ �:
  (21)

 
Theorem ����2: Consider e = �f, g
 is a PyFV on s. Then: 
 JKJLJMMi��� ⊗ e, �� ⊗ e, … , �I ⊗ e
 = JKJLJLMMi���, ��, … , �I
 ⊗ e  (22)

 

Theorem ����3: Consider Ԏ > 0. Then: 
 JKJLJMMi����
Ԏ, ���
Ԏ, … , ��I
Ԏ
 = �JKJLJMMi���, ��, … , �I
�Ԏ

  (23)

 

Theorem ����4: Consider e = �f, g
 is a PyFV on s. Then: 
 JKJLJMMi����
Ԏ ⊗ e, ���
Ԏ ⊗ e, … , ��I
Ԏ ⊗ e
 = �JKJLJMMi���, ��, … , �I
�Ԏ ⊗ e  (24)

 

Theorem ����5: If Ԏ > 0, then: 
 JKJLJMMi��� ⊗ e�, … , �I ⊗ eI
 = JKJLJMMi���, … , �I
 ⊗ JKJLJMMi�e�, e�, … , eI
  (25)

 

4. Multi-Attribute Decision-Making Method for the Pythagorean Fuzzy Environment 

 
Using the PyPFPAAA and PyPFPAAG operators to improve the stability and efficacy of the 

produced results is the main goal of this theory in order to meet strategic DM difficulties. In the DM 
process, to accomplish we take into account many options denoted as t = �Χ�, Χ�, … , Χv
, each 
characterized by finite attribute values represented as C = �C�, C�, … , CI
. Additionally, we assign 
priority values to attributes in the form of a linear ordering C� > C� > Ca … > CI, reflecting the 
expertise of experts denoted as E = �e�, e�, ea, … , eI
, where e� > e� > ea … > eI signifies the 
priority of ez over e{ when | < ~.  

To address these complexities, we utilize a decision matrix ���
 = ���R� �v×I, containing finite 

PyF information values, such as ��R��
 =  �µhC��
, �hC��
�!, representing the attributes of each alternative. 

Within each decision matrix, there exist two distinct types of data; i.e., cost-type and benefit-type. In 
the case of benefit-type data, normalization is unnecessary. In cases where the data is categorized as 
cost-type, the normalization process is carried out according to the following methodology: 

 ��R��
 = ���R��
 for benefit attribute  CR ḱ�R��
 for cost attribute CR   

  

(26)

Step ����: Calculate the value of X�R��

 for � = 2, … , I as: 

 X�R��
 = ⨅cT��3�d���R� � (27)

 

where X�R� = �. 
Step 2: Utilize the PyPFPAAA and PyPFPAAG operators as: 
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��R = JKJJMMM ��R��
, ��R��
, … , ��R�I
! = ⎝⎜
⎛1� − ℯ3�∑ XC∑ XCICO�ICO� 4356  �3µhC( !89"�9 ,

ℯ3�∑ XC∑ XCICO�ICO� 4356 ;hC!89"�/9 ⎠⎟
⎞

  (28)

 

��R = JKJLJMMi ��R��
, ��R��
, … , ��R�I
! = ⎝⎜
⎛ ℯ3�∑ XC∑ XCICO�ICO� 4356 ;hC!89"�/9 ,1� − ℯ3�∑ XC∑ XCICO�ICO� 4356  �3µhC( !89"�9⎠⎟

⎞
  (29)

 
Step 3: Compute the value of X�R based on the following equation: 
 X�R = ∏cT�R3�d  (30)
 

where X�R = �. 
Step 4: Combining the PyFVs is accomplished through the application of the PyPFPAAA and 

PyPFPAAG operators, as follows: 
 

JKJLJMMM����, ���, … , ��I
 = ⎝⎜
⎛1� − ℯ3�∑ XC∑ XCICO�ICO� 4356  �3µhC( !89"�9 ,

ℯ3�∑ XC∑ XCICO�ICO� 4356 ;hC!89"�/9 ⎠⎟
⎞

  (31)

 

JKJLJMMi����, ���, … , ��I
 = ⎝⎜
⎛ ℯ3�∑ XC∑ XCICO�ICO� 4356 ;hC!89"�/9 ,1� − ℯ3�∑ XC∑ XCICO�ICO� 4356  �3µhC( !89"�9⎠⎟

⎞
  (32)

 
Step 5: Obtain or assess the rank order as follows: 
 d��
 = �µhC�� − ��hC��

  (33)

 

5. Intelligent Computation in Smart Governance 

 
In the context of smart governance, "intelligent computing" describes the application of cutting-

edge computer methods and tools to enhance governmental operations and DM procedures in terms 
of effectiveness, efficiency, and transparency. This method utilizes various domains of artificial 
intelligence (AI), including machine learning, natural language processing, and data analytics, along 
with other cutting-edge technologies like the Internet of Things (IoT) and big data analytics. Today’s 
governments must choose from various clever governing strategies. We enumerate the following 
attributes to assess them: 
 

i. Cost-effectiveness ���
 − Using intelligent computing powered by AI for governance. 



Applied Research Advances 

Volume 2, Issue 1 (2026) 146-161 

153 
 
 

ii. Environmental impact ���
 − Dependency on conventional manual/non-AI techniques. 

iii. Safety ��a
 − Hybrid model (human decision-making combined with AI techniques). 

iv. Efficiency ���
 − Contracting with private digital service companies to handle governance 
technologies 

 
The four alternatives are defined, including: 

i. Data analysis �s�
 − The measurements to handle and scrutinize big data sets. 

ii. Automation and optimization �s�
 − Task computerization increases efficiency.  

iii. Citizen engagement and participation �sa
 − Degree of communication and openness 
with residents.  

iv. Predictive analytics for policy planning �s�
 − Utilizing data forecasting to improve 
governance.  

 
The DM characteristic degrees are used to evaluate each of the features that were discussed in 

the weight vector (0.20,0.25,0.30,0.25). PyFVs are used to represent data in the decision matrix that 
follows. For this particular problem, we possess the following information, as depicted in Table �. 

 
Table 1 

Evaluations of the experts 
 C1 C2 C3 C4 

X1 (0.71, 0.40) (0.31, 0.90) (0.43, 0.50) (0.53, 0.80) 
X2 (0.45, 0.70) (0.23, 0.43) (0.42, 0.33) (0.22, 0.61) 
X3 (0.46, 0.55) (0.44, 0.67) (0.33, 0.45) (0.23, 0.54) 
X4 (0.47, 0.33) (0.33, 0.44) (0.74, 0.21) (0.71, 0.38) 

 
The obtained results are given in Figure 1. Therefore, the third alternative represents the best 

choice. Consequently, both the PyPFAAWA and PyPFPAAWG operators yield the same ranking for the 
alternatives. However, the suggested operators deviate from conventional PyFS aggregation 
procedures when criteria and DMs possess varying degrees of priority. 

 

 
Fig. 1. Computational results for the smart governance research application 

 

0

0.1

0.2

0.3

0.4

0.5

1 2 3 4

V
a
lu

e
s

Alternatives

PyPAAPWA PyPAAPWG



Applied Research Advances 

Volume 2, Issue 1 (2026) 146-161 

154 
 
 

6. Comparative Analysis 

 
In this part, a comparison is made between the developed AOs and the available state-of-the-art 

AOs. Sarfraz et al. [11] introduced the theory AA AOs with PAOs on IFs. Senapati et al. [8] developed 
the concepts of AA AOs with IF. Hussain et al. [14] expanded the concept of AA with the Hamy mean 
AOs. According to the findings are provided in Table 2, the proposed method demonstrated notable 
precision. 

 
Table 2 

Results of the comparative study 

Operators 
Alternatives 

Ranking 
X1 X2 X3 X4 PyPAAWA 0.3662 0.3701 0.4370 0.0947 Xa > X� > X� > X� PyPAAWG 0.2695 0.3372 0.3545 0.0072 Xa > X� > X� > X� IFPAAA �11� 0.1322 0.2632 0.3905 0.0612 Xa > X� > X� > X� IFPAAG �11� 0.1966 0.2270 0.3220 0.0642 Xa > X� > X� > X� IFAAWA �8� 0.1672 0.2331 0.3021 0.0342 Xa > X� > X� > X� IFPAAWA �8� 0.1752 0.2812 0.3452 0.0731 Xa > X� > X� > X� PyAAWA �14� 0.1055 0.2972 0.3472 0.0542 Xa > X� > X� > X� PyAAWA �14� 0.1675 0.2704 0.3761 0.0432 Xa > X� > X� > X� 

 

7. Conclusion 
 
This paper has explored the integration of PAOs based on the AA TN and TCN within the 

context of managing PyF information. By combining PyF with PAOs, we developed a robust 
methodology to effectively handle uncertainty and ambiguity in DM processes. PyFSs, as an 
extension of classical FSs, offer a more flexible framework for representing uncertainty by 
incorporating both MD and NMD.  

Throughout our study, we have delved into the theoretical foundations of PAO and their 
adaptation to PyF environments. Furthermore, through rigorous analysis and comparative 
evaluation, we demonstrated the efficacy and applicability of the proposed operators across 
various DM contexts. The smart governance research application was employed to illustrate 
the practical significance of the developed framework. 

The following limitations should be mentioned: 
 

i. When applied to large-scale smart governance problems, the introduced AOs with 
prioritization can entail complex calculations. 

ii. The outcome of DM can vary greatly based on the selection of parameters (such as power 
terms and prioritization weights), which may lead to decreased stability in real-world 
applications. 

iii. The suggested model is exhibited with particular characteristics and options for smart 
governance. When used in other domains or larger governance systems, it may need to 
be adapted. 

iv. Even though prioritization is beneficial, the allocation of attribute weights relies on expert 
judgment, which can lead to bias. 

 

Future research could investigate the integration of the developed operators with 
machine learning or optimization algorithms, enabling automated decision support systems 
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in dynamic and data-intensive environments. A further promising avenue is to integrate 
consensus mechanisms and conflict resolution strategies among multiple decision-makers in 
situations of uncertainty. 
 
Appendix 1: Proof of Theorem 1 

Here, with the help of mathematical induction, we prove that the information in Eq. (9). For this, 
we assume ¥ = 2. Then, we have: JKJLJMMMP���, ��
 =  

⎝⎜
⎜⎛⎝⎜⎜

⎛1� − ℯ3U V� �WX�Y&�!∑ VC �WX�YB�!(CO� �356  �3µ7C( !"9Z�/9 ,
ℯ3� V� �WX�Y&�!∑ VC �WX�YB�!(CO� 4356 ;7C!89"�/9  ⎠⎟⎟

⎞ ⊕ ⎝⎜⎜
⎛1� − ℯ3U V( �WX�Y'�!∑ VC �WX�YB�!(CO� �356  �3µ7C( !"9Z�/9

ℯ3� V( �WX�Y'�!∑ VC �WX�YB�!(CO� 4356 ;7C!89"�/9 , ⎠⎟⎟
⎞

⎠⎟
⎟⎞  

= ⎝⎜⎜
⎛1� − ℯ3U V� �WX�Y&�!∑ VC �WX�YB�!(CO� �356  �3µ7C( !"9: V( �WX�Y'�!∑ VC �WX�YB�!(CO� �356  �3µ7C( !"9Z�9 ,

ℯ3� V� �WX�Y&�!∑ VC �WX�YB�!(CO� 4356 ;7C!89: V( �WX�Y'�!∑ VC �WX�YB�!(CO� 4356 ;7C!89"�/9 ⎠⎟⎟
⎞

  

= ⎝⎜
⎛1� − ℯ3U∑ � VC �WX�YB�!∑ VC �WX�YB�!(CO� "(CO� �356  �3µ7C( !"9Z�/9 , ℯ3�∑ � VC �WX�YB�!∑ VC �WX�YB�!(CO� "(CO� 4356 ;7C!89"�/9

⎠⎟
⎞.  

Thus, for I = 2, we obtain the correct answer.  
Assume that the theory in Eq. (9), for I = �, is as follows: JKJLJMMMP���, ��, … , �c
 = 

⎝⎜
⎛1� − ℯ3U∑ � VC �WX�YB�!∑ VC �WX�YB�!¦CO� "¦CO� �356  �3µ7C( !"9Z�/9 , ℯ3�∑ � VC �WX�YB�!∑ VC �WX�YB�!¦CO� "¦CO� 4356 ;7C!89"�/9

⎠⎟
⎞. 

Then, we derive it for I = � + � and have: JKJLJMMMP���, ��, … , �c , �c:�
 =  

⎝⎜⎜
⎛1� − ℯ3�∑ � VC �WX�YB�!∑ VC �W§�YB�!¦CO� "¦CO� 4356  �3µ7C( !89"�/9,

ℯ3�∑ � VC �W§�YB�!∑ VC �W§�YB�!¦CO� "¦CO� 4356 ;7C!89"�/9  ⎠⎟⎟
⎞ ⊕ ⎝⎜⎜

⎛1� − ℯ3�∑ � V¦W� �WX�Y¨W&�!∑ V¦W� �WX�Y¨W&�!¦W�CO� "¦W�CO� 4356  �3µ7¦W�( !89"�9 ,
ℯ3�∑ � V¦W� �WX�Y¨W&�!∑ V¦W� �WX�Y¨W&�!¦W�CO� "¦W�CO� 4356 ;7¦W�!89"�/9 ⎠⎟⎟

⎞
  

= ⎝⎜
⎛1� − ℯ3U∑ � VC �WX�YB�!∑ VC �WX�YB�!ICO� "ICO� �356  �3µ7C( !"9Z�9 , ℯ3�∑ � VC �WX�YB�!∑ VC �WX�YB�!ICO� "ICO� 4356 ;7C!89"�/9

⎠⎟
⎞.  

For I = � + �, we obtain the required outcomes.  
 
Appendix 2: Proof of Theorem 2 

Consider that �R = � = �µ
�ⱬ
, �
�ⱬ
�. Then, we have: JKJLJMMM���, ��, … , �N
 =⊕RT�I �∑ � ©n �:X�
n�!∑ ©n �:X�
n�!qnO� "ª«T� "  
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=
⎝⎜
⎜⎜⎛¬� − ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356  �3µ7C( !"9r�9 , ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� 4356 ;7C!89r�/9

⎠⎟
⎟⎟⎞  

=
⎝⎜
⎜⎜⎛¬� − ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO�  356 ��3µ7(�!9r�9 , ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356�;7
�9r�/9

⎠⎟
⎟⎟⎞  

= ⎝⎜
⎛1� − ℯ34 356 ��3µ7(�!98�9 ,ℯ3 �356�;7
�9!�/9 ⎠⎟

⎞
 = l�� − ℯ56 ��3µ7(�,ℯ56�;7
 r = U�� − �� − µ
��,�
 Z = �µ
 , �

 = �.  

 
Appendix 3: Proof of Theorem 3 

Consider that �3 =  minR µ
C�ⱬ
 , maxR �
C�ⱬ
! and �: =  maxR µ
C�ⱬ
 , minR �
C�ⱬ
!, then: 

¬� − ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356  �3µ7C­ !"9r�9 ≤ ¬� − ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356  �3µ7C( !"9r�9    
≤ ¬� − ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356  �3µ7CW !"9r�9

  

and: 

ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356 ;7C­ !"9r�/9 ≤  ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� 4356 ;7C!89r�/9 ≤ ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356 ;7CW !"9r�/9
  

This shows that:  �3 ≤  JKJLJMMM���, ��, … , �R
 ≤ �:.  
 
Appendix 4: Proof of Theorem 4 

Consider that �R ≤ �R̀ . It means that µ
C�ⱬ
 ≤ µ
C` �ⱬ
 and �
C�ⱬ
 ≥ �
C` �ⱬ
. Then:  µ
C�ⱬ
 ≤ µ
C` �ⱬ
 ⇒ � − µ
C�ⱬ
 ≥ � − µ
C` �ⱬ
  ⇒ ln�� − µhC� � ≥ ln  � − µ`hC� ! ⇒  −°¥ �� − µhC� �!± ≥ 4−°¥  � − µ`hC� !8±
  ⇒ ∑ � ©n �:X�Yp�!∑ ©n �:X�Yp�!qnO� "ª«T�  −°¥ �� − µ
C� �!± ≥ ∑ � ©n �:X�Yp�!∑ ©n �:X�Yp�!qnO� "ª«T� 4−°  � − µ`
C� !8±

  

⇒ ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� 4356  �3µ7C( !89r�9 ≥ ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356  �3µ²7C( !"9r�9
  

⇒ � − ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� 4356  �3µ7C( !89r�9 ≤ � − ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356  �3µ²7C( !"9r�9
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⇒ ¬� − ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356  �3µ7C( !"9r�9 ≤ ¬� − ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356  �3µ²7C( !"9r�9
  

Similarly, we evaluate the NMG, such as: �
C�ⱬ
 ≥ �
C` �ⱬ
 ⇒  −°¥��
C�!± ≥  −°¥��
C` �!±
  ⇒ ∑ � ©n �:X�Yp�!∑ ©n �:X�Yp�!qnO� "ª«T�  −°¥��
C�!± ≥ ∑ � ©n �:X�Yp�!∑ ©n �:X�Yp�!qnO� "ª«T�  −°¥��
C` �!±

  

⇒ ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� 4356 ;7C!89r�/9 ≥ ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� 4356 ;7C² !89r�9 .  
Then, we can easily find our required results, such as: JKJLJMMM��� , ��, �a, … , �R
 ≤ JKJLJMMM���̀, ��̀, �à, … , �R̀
.  

 
Appendix 5: Proof of Theorem 5 

According to Definition 3, we have: 

�� ⊕ �� = ⎝⎜
⎛1� − ℯ3�4356  �3µ7�( !89:4356  �3µ7(( !89"�9 , ℯ3�4356 ;7�!89: 356�;7(�!9"�9

⎠⎟
⎞.  

Also: 

JKJLJMMM���, ��, … , �R
 =
⎝⎜
⎜⎛1� − ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� �356  �3µ7C( !"9r�/9 ,

ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� 4356 ;7C!89r�/9  
⎠⎟
⎟⎞  

JKJLJMMM��� ⊕ e, �� ⊕ e, … , �R ⊕ e
 =  

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎛

⎷⃓⃓⃓⃓
⃓⃓⃓⃓⃓⃓
⃓⃓µ

� − ℯ
3

⎝⎜
⎜⎜⎜⎜
⎛∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO�

⎝⎜
⎜⎜⎜⎜
⎛356 

⎝⎜
⎜⎜⎜
⎛�3

⎝⎜
⎜⎜⎛¬�3ℯ­l�­¶· 4�­µ7�( 8"9W�­¶· ��­¸
�9r�9 ,

⎠⎟
⎟⎟⎞

(

⎠⎟
⎟⎟⎟
⎞

⎠⎟
⎟⎟⎟⎟
⎞9

⎠⎟
⎟⎟⎟⎟
⎞�9

,

ℯ
3

⎝⎜
⎜⎜⎜⎛∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO�

⎝⎜
⎜⎜⎛356

⎝⎜
⎜⎜⎛ℯ­l�­¶· ¹7�!"9W�­¶·�º
�9r�9

⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎞

9

⎠⎟
⎟⎟⎟⎞

�9

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎞

  

=
⎝⎜
⎜⎜⎜
⎛»� − ℯ3⎝⎜

⎛∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� ¼�4356  �3µ7�( !89:�356 ��3½
�9"�9¾9
⎠⎟
⎞�9

,
 ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� U�4356 ;7�!89:�356�¿
�9"�/9Z9r�/9 ⎠⎟

⎟⎟⎟
⎞

.  

Now consider: JKJLJMMM���, ��, … , �R
 ⊕ e =  



Applied Research Advances 

Volume 2, Issue 1 (2026) 146-161 

158 
 
 

�� ⊕ e = ⎝⎜
⎛1� − ℯ3�4356  �3µ7�( !89:�356 ��3½
�9"�/9 , ℯ3�4356 ;7�!89:�356�¿
�9"�/9

⎠⎟
⎞

  

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎷⃓⃓⃓⃓
⃓⃓⃓⃓⃓⃓
⃓⃓⃓⃓⃓µ

� − ℯ
3

⎝⎜
⎜⎜⎜
⎜⎜⎛

⎝⎜
⎜⎜⎜
⎜⎜⎛356 

⎝⎜
⎜⎜⎜
⎜⎛�3

⎝⎜
⎜⎜⎜⎜
⎛»�3ℯ­¼∑ ¼ mn4�WX Yp!8∑ mn4�WX Yp!8qnO� ¾qnO� �­¶·4�­µ7C( 8"9¾

�9

⎠⎟
⎟⎟⎟⎟
⎞(

⎠⎟
⎟⎟⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎞

9
:�356��3½
�9

⎠⎟
⎟⎟⎟
⎟⎟⎞

�9

,

 ℯ
3

⎝⎜
⎜⎜⎜⎜
⎛

⎝⎜
⎜⎜⎜
⎛356

⎝⎜
⎜⎜⎜⎛ℯ­¼∑ ¼ mn4�WX Yp!8∑ mn4�WX Yp!8qnO� ¾qnO� �­¶· ¹7C!"9¾

�9

⎠⎟
⎟⎟⎟⎞

⎠⎟
⎟⎟⎟
⎞9

:�356�¿
�9
⎠⎟
⎟⎟⎟⎟
⎞�9

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

=
⎝⎜
⎜⎜⎛¬� − ℯ3¼l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� 4356 �3µ7C( !89r:�356 ��3½
�9¾�/9

, ℯ3l∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO� 4356 ;7C!89:�356�¿
�9r�/9

⎠⎟
⎟⎟⎞  

Hence, we get our required results, such as: JKJLJMMM��� ⊕ e, �� ⊕ e, … , �R ⊕ e
 = JKJLJMMM���, ��, … , �R
 ⊕ e.  
 
Appendix 6: Proof of Theorem 6 

According to Definition 3, we have: 

Ԏ� = ⎝⎜
⎛1� − ℯ�3Ԏ4 356��3µ7(�!98"�/9 , ℯ3 Ԏ�356�;7
�9!�/9

⎠⎟
⎞

  

JKJLJMMM�Ԏ��, Ԏ��, … , Ԏ�N
 =

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎷⃓⃓⃓⃓
⃓⃓⃓⃓⃓⃓
⃓⃓⃓⃓⃓µ

� − ℯ
3

⎝⎜
⎜⎜⎜
⎜⎜⎛∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO�

⎝⎜
⎜⎜⎜
⎜⎜⎛356

⎝⎜
⎜⎜⎜⎜
⎜⎛�3

⎝⎜
⎜⎜⎜
⎜⎛»�3ℯ¼­Ԏl�­¶·4�­µ7C( 8"9r¾

�9

⎠⎟
⎟⎟⎟
⎟⎞

(

⎠⎟
⎟⎟⎟⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎞

9

⎠⎟
⎟⎟⎟
⎟⎟⎞

�9

,
 ℯ3

⎝⎜
⎜⎜⎛∑ l mn4�WX Yp!8∑ mn4�WX Yp!8qnO� rqnO�

⎝⎜
⎜⎜⎛356

⎝⎜
⎜⎛ℯ­lԎ�­¶· ¹7C!"9r�/9

⎠⎟
⎟⎞

⎠⎟
⎟⎟⎞

9

⎠⎟
⎟⎟⎞

�/9

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞
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=
⎝⎜
⎜⎜⎜
⎜⎜⎛

⎷⃓⃓⃓⃓
⃓⃓⃓⃓⃓⃓
⃓⃓µ

� − ℯ
3

⎝⎜
⎜⎜⎜⎜
⎛∑ l mn4�WX Yp!8∑ mn4�Wo Yp!8qnO� rqnO�

⎝⎜
⎜⎜⎜
⎛356

⎝⎜
⎜⎜⎜⎛�3�3ℯ¼­Ԏl�­¶·4�­µ7C( 8"9r¾

�9

⎠⎟
⎟⎟⎟⎞

⎠⎟
⎟⎟⎟
⎞9

⎠⎟
⎟⎟⎟⎟
⎞�9

,
 ℯ3¼∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� U�Ԏ4356 ;7C!89"Z¾�/9

⎠⎟
⎟⎟⎟
⎟⎟⎞

  

=
⎝⎜
⎜⎜⎜⎛¬� − ℯ3¼∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� lUԎ�356 �3µ7C( !"9Zr¾�9

,
ℯ3¼∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� U�Ԏ4356 ;7C!89"Z¾�/9

 ⎠⎟
⎟⎟⎟⎞  

=
⎝⎜
⎜⎜⎜⎛¬� − ℯ3¼∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� �Ԏ4356 �3µ7C( !98"¾�9

,
 ℯ3¼∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� �Ԏ4356 ;7C!98"¾�/9

⎠⎟
⎟⎟⎟⎞.  

Now consider: 

ԎJKJLJMMM���, ��, … , �N
 = Ԏ
⎝⎜
⎜⎜⎛¬� − ℯ3l∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� �356 �3µ7C( !"9r�9 ,

ℯ3l∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� 4356 ;7C!89r�9  
⎠⎟
⎟⎟⎞  

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎷⃓⃓⃓⃓
⃓⃓⃓⃓⃓⃓
⃓⃓⃓µ

� − ℯ
3

⎝⎜
⎜⎜⎜
⎜⎛Ԏ

⎝⎜
⎜⎜⎜
⎜⎛356

⎝⎜
⎜⎜⎜⎜
⎛�3

⎝⎜
⎜⎜⎜
⎛�3ℯ­¼∑ ¼ mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� ¾qnO� �­¶·4�­µ7C( 8"9¾

�9

⎠⎟
⎟⎟⎟
⎞

⎠⎟
⎟⎟⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎞

9

⎠⎟
⎟⎟⎟
⎟⎞

�9

,
ℯ3⎝⎜

⎛Ԏ¼l∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� 4356 ;7C!89r¾⎠⎟
⎞�/9

 ⎠⎟
⎟⎟⎟
⎟⎟⎟
⎞

  

=
⎝⎜
⎜⎜⎜
⎛¬� − ℯ3⎝⎜

⎛Ԏ¼l∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� �356 �3µ7C( !"9r¾⎠⎟
⎞�/9

ℯ3⎝⎜
⎛Ԏ¼l∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� 4356 ;7C!89r¾⎠⎟

⎞�/9 ,
⎠⎟
⎟⎟⎟
⎞ =

⎝⎜
⎜⎜⎜
⎜⎛»� − ℯ3⎝⎜

⎛Ԏ¼l∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� �356 �3µ7C( !"9r¾⎠⎟
⎞�9

,
ℯ3⎝⎜

⎛Ԏ¼l∑ l mn4�Wo Yp!8∑ mn4�Wo Yp!8qnO� rqnO� 4356 ;7C!89r¾⎠⎟
⎞�/9

⎠⎟
⎟⎟⎟
⎟⎞.  

Thus, we have:  JKJLJMMM�Ԏ��, Ԏ��, … , Ԏ�R
 =  ԎJKJLJMMM���, ��, … , �R
.  
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