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Rough set theory provides a systematic framework for modeling uncertainty byapproximating subsets through lower and upper approximations induced by anequivalence relation. The rough number, defined as the interval between themean attribute values of these approximations, offers a numerical measure ofuncertainty. HyperRough Sets extend this framework by incorporating multipleattributes into the approximation process, while SuperHyperRough Sets furthergeneralize it via iterated powerset constructions. However, numerical counter-parts of these extended structures—the HyperRough Number and the SuperHy-perRough Number—have not yet been formally introduced. In this paper, we de-fine HyperRough Numbers and SuperHyperRough Numbers, establish their fun-damental properties, and illustrate their usefulness in multi-attribute decision-making problems. The author contends that these numerical constructs providea basis for future research on sophisticated applications across a wide range ofapplied sciences.
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1. Introduction

Avariety of frameworks—such as fuzzy sets[1, 2], intuitionistic fuzzy sets[3, 4], neutrosophic sets[5–7], rough sets[8], plithogenic sets[9, 10], and soft sets[11, 12]—have been proposed to represent andreason about uncertain, imprecise, and incomplete information. These frameworks have also beenextended to numerical domains, yielding constructs such as fuzzy numbers and rough numbers[8, 13].They have been actively studied and applied across many areas of applied science.This paper focuses on rough numbers. A rough number is an interval determined by the lowerand upper mean attribute values obtained from rough approximations induced by an equivalence re-
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lation[8, 13]. Because of this construction, rough numbers are closely linked to rough sets. Extensionsof rough sets—namely, HyperRough Sets and SuperHyperRough Sets—have also been investigated:HyperRough Sets enrich the classical scheme by incorporating multiple attributes into the approxima-tion process, whereas SuperHyperRough Sets further generalize the concept through iterated power-set constructions[14, 15].Research on rough sets and rough numbers is compelling due to their potential in decision-makingand related fields. However, the corresponding numerical measures for the aforementioned exten-sions—the HyperRough Number and the SuperHyperRough Number—have not yet been formalized.This paper introduces precise definitions of HyperRough Numbers and SuperHyperRough Numbers,establishes their fundamental properties, and demonstrates their utility in multi-attribute decision-making applications.
2. Preliminaries

We collect here the basic notions and notation used throughout the paper. Unless stated other-wise, all underlying sets are finite.
2.1 Powerset and n-fold Powerset

The powerset of a set U is the set of all its subsets, capturing every possible combination of ele-ments [16, 17]. The n-fold powerset iteratively applies the subset operation n times, producing struc-turally nested collections of subsets at each hierarchy level [18, 19].
Definition 2.1 (Powerset). (cf.[20, 21]) The powerset of U is

P(U) = {A | A ⊆ U}.

Definition 2.2 (n-fold Powerset). (cf.[22–24]) For each integer n ≥ 1, define the n-fold iterated pow-erset of U by
P1(U) = P(U), Pn+1(U) = P

(
Pn(U)

)
.

If one wishes to exclude the empty set at each stage, replace P by P∗(·) = P(·) \ {∅}.
Example 2.3 (Hierarchical Assembly in Mechanical Engineering). Let

U = {Motor, Gearbox, Sensor}
be three basic parts. Then P1(U) = P(U) is the set of all possible modules (subsets of parts), forexample

{{Motor,Gearbox}, {Sensor}, . . . }
. Next,

P2(U) = P
(
P(U)

)
is the set of all collections of modules—i.e. different system architectures, such as

{{Motor,Gearbox}, {Sensor}}
or

{{Motor}, {Gearbox, Sensor}}
. Finally, P3(U) consists of collections of architectures, representing complete product-line config-urations under uncertainty or customization options. This 3-fold powerset models the three-levelhierarchy: parts→modules→ systems→ product families.

2



Applied Research AdvancesVolume 00, Issue 00 (2025) 1-16
2.2 Rough Number

A rough number is an interval of lower and uppermean attribute values over rough approximationsunder an equivalence relation [8, 13, 25]. Extensions of the rough number, such as the Fuzzy RoughNumber, have also been studied[26, 27].
Definition 2.4 (Universe and Equivalence Classes). (cf.[8]) Let U be a nonempty finite set (the uni-
verse). Let

R ⊆ U × U

be an equivalence relation on U . For each x ∈ U , denote its equivalence class by
[x]R = { y ∈ U | (x, y) ∈ R }.

Definition 2.5 (Lower and Upper Approximations). (cf.[8]) For any G ⊆ U , define its lower approxi-
mation and upper approximation with respect to R by

G =
{
x ∈ U | [x]R ⊆ G

}
, G =

{
x ∈ U | [x]R ∩G ̸= ∅

}
.

HereG collects all elements that definitely belong toG, whileG collects those that possibly belong.
Definition 2.6 (Rough Number). (cf.[8, 28, 29]) Let R = {G1, G2, . . . , Gt} be an ordered partition of
U withG1 < · · · < Gt. For each classGq, define:

LimL(Gq) =
1

|Gq|
∑
y∈Gq

R(y), LimU(Gq) =
1

|Gq|

∑
y∈Gq

R(y).

Then the rough number ofGq is the interval
RN(Gq) =

[
LimL(Gq), Lim

U(Gq)
]
.

Example 2.7 (Average Recovery Time for Influenza Strain A). Let U = {p1, p2, p3, p4, p5} be five pa-tients with flu-like symptoms. Define an equivalence relation R by
piRpj ⇐⇒ patients pi, pj have identical lab-confirmed virus strain.

Partition U into
G1 = { p1, p2, p3} (lab-confirmed Influenza A),
G2 = { p4, p5} (symptom-only, possible Influenza A).

Their recovery times in days are
v(p1) = 5, v(p2) = 6, v(p3) = 7, v(p4) = 8, v(p5) = 9.

Then
G1 = {p1, p2, p3}, G1 = {p1, p2, p3, p4, p5}.

Hence
LimL(G1) =

5 + 6 + 7

3
= 6, LimU(G1) =

5 + 6 + 7 + 8 + 9

5
= 7,

and the rough number ofG1 is
RN(G1) = [6, 7].

This interval [6, 7] expresses the average recovery time under uncertainty.
3
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Definition 2.8 (Rough Boundary Interval). (cf.[8]) The rough boundary interval of Gq measures itsvagueness:

IRBnd(Gq) = LimU(Gq) − LimL(Gq).

A larger IRBnd(Gq) indicates greater imprecision.
Example 2.9 (Recovery Time Vagueness for Influenza A). Let U = {p1, p2, p3, p4, p5} be five patientssuspected of Influenza A. Define an equivalence relation R by “laboratory-confirmed Influenza A,”partitioning into

G1 = {p1, p2, p3} (confirmed cases), G2 = {p4, p5} (suspected cases).
Their recovery times in days are

v(p1) = 5, v(p2) = 6, v(p3) = 7, v(p4) = 8, v(p5) = 9.

As before, G1 = {p1, p2, p3}, G1 = {p1, p2, p3, p4, p5}, so LimL(G1) = 6 and LimU(G1) = 7. There-fore the rough boundary interval is
IRBnd(G1) = LimU(G1)− LimL(G1) = 7− 6 = 1.

This one-day interval quantifies the vagueness in the average recovery time for Influenza A underuncertain case definitions.
2.3 Rough Set, HyperRough Set, and SuperHyperRough Set

Rough set theory provides a systematic framework for handling uncertainty by approximating atarget subset via lower and upper approximations under an equivalence (or indiscernibility) relationon the universe [30, 31]. Extensions include HyperRough Sets, which incorporate multiple attributes,and SuperHyperRough Sets, which employ iterated powerset constructions. Related concepts suchas Fuzzy Rough Sets[32, 33], Neutrosophic Rough Sets[34, 35], and Plithogenic Rough Sets have alsobeen explored.
Definition 2.10 (Rough Set Approximation). [36] [30, 37] LetX be a finite universe and let

R ⊆ X ×X

be an equivalence relation, whose equivalence classes are written [x]R for each x ∈ X . For any subset
Y ⊆ X , define:

Y =
{
x ∈ X | [x]R ⊆ Y

}
, Y =

{
x ∈ X | [x]R ∩ Y ̸= ∅

}
.

Here Y collects all elements whose entire indiscernibility class lies inside Y (those that definitely be-long), while Y gathers elements whose class meets Y nontrivially (those that possibly belong). Thepair (Y , Y ) is called the rough approximation of Y , and satisfies
Y ⊆ Y ⊆ Y .

The HyperRough Set extends rough set theory by incorporating multiple attributes. Its formal def-inition is given below [15].
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Definition 2.11 (HyperRough Set). [15] LetX be a nonempty finite universe, and let T1, T2, . . . , Tn be
n distinct attributes with corresponding domains J1, J2, . . . , Jn. Define the Cartesian product

J = J1 × J2 × · · · × Jn.

Let R ⊆ X × X be an equivalence relation on X , with [x]R denoting the equivalence class of x. A
HyperRough Set overX is a pair (F, J), where:

• F : J → P(X) is amapping that assigns to each attribute value combinationa = (a1, a2, . . . , an) ∈
J a subset F (a) ⊆ X .

• For each a ∈ J , the rough set approximations of F (a) are defined as
F (a) = {x ∈ X | [x]R ⊆ F (a)}, F (a) = {x ∈ X | [x]R ∩ F (a) ̸= ∅}.

Here, F (a) comprises all elements whose equivalence classes are completely contained within F (a),
while F (a) contains elements whose equivalence classes intersect F (a). Additionally, the followingproperties hold for all a ∈ J :

• F (a) ⊆ F (a).
• If F (a) = ∅, then F (a) = F (a) = ∅.
• If F (a) = X , then F (a) = F (a) = X .

Example 2.12 (Employee Classification by Department and Contract Type). Let
X = {Ayano, Y amato,Hiroko,Dave, Eve}

be five employees assigned to projects. Define an equivalence relation R by “works on the sameproject”, with project groups
[Ayano]R = [Y amato]R = {Ayano, Y amato},

[Hiroko]R = [Dave]R = {Hiroko,Dave},

[Eve]R = {Eve}.

Let the two attributes be
T1 : Department ∈ {Sales, Engineering},

T2 : EmploymentType ∈ {Permanent, Contract},

so
J = J1 × J2 = {Sales, Engineering} × {Permanent, Contract}.

Define the HyperRough mapping
F : J → P(X)

by
F (Sales, Permanent) = {Ayano, Y amato}, F (Sales, Contract) = ∅,

F (Engineering, Permanent) = {Hiroko}, F (Engineering, Contract) = {Dave,Eve}.
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Then for each a ∈ J the lower and upper approximations are:

F (Sales, Permanent) = {Ayano, Y amato}, F (Sales, Permanent) = {Ayano, Y amato},

F (Sales, Contract) = ∅, F (Sales, Contract) = ∅,

F (Engineering, Permanent) = ∅, F (Engineering, Permanent) = {Hiroko},

F (Engineering, Contract) = {Eve}, F (Engineering, Contract) = {Dave,Eve}.

This concrete example illustrates how a HyperRough Set models classification by multiple attributesunder uncertainty arising from project–based equivalence classes.
Definition 2.13 (Lifted Relation Rk). LetX be a nonempty finite universe and let

R ⊆ X ×X

be an equivalence relation onX .We write [x]R = { y ∈ X | (x, y) ∈ R} for the R-equivalence class of x. For each k ≥ 0, definethe iterated power set
P 0(X) = X, P k+1(X) = P

(
P k(X)

)
.

Define recursively for each k ≥ 0:
R0 = R ⊆ X ×X,

and for k ≥ 1,
Rk ⊆ P k(X)× P k(X)

by declaring, for A,B ∈ P k(X),
ARk B ⇐⇒

(
∀ a ∈ A ∃ b ∈ B : (a, b) ∈ Rk−1

)
∧

(
∀ b ∈ B ∃ a ∈ A : (a, b) ∈ Rk−1

)
.

Definition 2.14 ((m,n)-SuperHyperRough Set). Fix integers m,n ≥ 0. An (m,n)-SuperHyperRough
Set on (X,R) is a function

F : Pm(X) −→ P n(X).

For each A ∈ Pm(X), set C = F (A) ∈ P n(X). Its lower and upper approximations in P n−1(X) are
C = {B ∈ P n−1(X) | [B]Rn−1 ⊆ C}, C = {B ∈ P n−1(X) | [B]Rn−1 ∩ C ̸= ∅},

where [B]Rn−1 = {D ∈ P n−1(X) | BRn−1D}. Thus each A yields the rough pair (F (A), F (A)
).

Example 2.15 (Team Subcommittee Formation). Let
X = {Ayano, Y amato, Hiroko}

be three employees. Define an equivalence relation R by “has the same role,” with
[Ayano]R = [Y amato]R = {Ayano, Y amato}, [Hiroko]R = {Hiroko}.

Then for k = 1, P 1(X) = P(X) is the set of all employee subsets, and for k = 2,
P 2(X) = P

(
P(X)

)
is the set of all collections of subsets.

6
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Fix (m,n) = (1, 2). Define

F : P 1(X) → P 2(X)

by
F (A) =

{
B ⊆ A | |B| = 2

}
,

i.e. F (A) is the set of all two-member subcommittees of A.
Case 1: A = {Ayano, Y amato,Hiroko}. Then

F (A) = {{Ayano, Y amato}, {Ayano,Hiroko}, {Y amato,Hiroko}}.

The lifted relation R1 on P 1(X) groups subsets that match by role: for example,
{Ayano,Hiroko} R1 {Y amato,Hiroko},

since Ayano∼Yamato and Hiroko∼Hiroko. One checks
F (A) = {B ∈ P 1(X) | [B]R1 ⊆ F (A)} = F (A),

F (A) = {B ∈ P 1(X) | [B]R1 ∩ F (A) ̸= ∅} = F (A).

Case 2: A = {Ayano,Hiroko}. Then
F (A) = {{Ayano,Hiroko}}.

Its R1-equivalence class is [{Ayano,Hiroko}
]
R1 = {{Ayano,Hiroko}, {Y amato,Hiroko}}, so

F (A) = {B | [B]R1 ⊆ F (A)} = ∅,

F (A) = {B | [B]R1 ∩ F (A) ̸= ∅} = {{Ayano,Hiroko}, {Y amato,Hiroko}}.

Thus this (1, 2)-SuperHyperRough Set models subcommittee selection under role-based uncer-tainty.
Example 2.16 ((2, 2)-SuperHyperRough Set in Team Collaboration). Let

X = {Ayano, Y amato, Hiroko, Dave, Eve}

be five employees. Define an equivalence relation R onX by “has the same role,” with classes
[Ayano]R = [Y amato]R = {Ayano, Y amato},

[Hiroko]R = {Hiroko},

[Dave]R = [Eve]R = {Dave,Eve}.

Then
P 1(X) = P(X),

P 2(X) = P
(
P(X)

)
.

Fix (m,n) = (2, 2). We view elements of P 2(X) as collections of project teams (each team⊆ X).Define
F : P 2(X) −→ P 2(X)

7
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so that for any set of teams A ⊆ P(X),

F (A) =
{
S ⊆ X | |S| = 2 and S ∩ T ̸= ∅ for some T ∈ A

}
.

Thus F (A) collects all two-person support pairs that share at least one member with some team in
A.

Case 1: Let
A =

{
{Ayano,Hiroko}, {Y amato,Hiroko}

}
.

Then
F (A) = {{Ayano,Hiroko}, {Y amato,Hiroko}, {Ayano, Y amato}}.

Under the lifted relation R1 on P(X), one checks F (A) = F (A) and F (A) = F (A), since every
support pair’s R1-class stays within F (A).

Case 2: Let
A = {{Ayano,Dave}}.

Then
F (A) = {{Ayano,Dave}, {Y amato, Eve}},

because both {Ayano,Dave} itself and the role-equivalent pair {Y amato, Eve} share a member.Here
[{Ayano,Dave}]R1 = {{Ayano,Dave}, {Y amato, Eve}} = [{Y amato, Eve}]R1 .

Therefore
F (A) = ∅,

F (A) = {{Ayano,Dave}, {Y amato, Eve}}.
This example illustrates how a (2, 2)-SuperHyperRough Set modelsselection of support pairs (codomain) from collections of project teams (domain), with role-baseduncertainty captured by the lifted approximations.

3. Main Results
In this section, we present the main results of this paper: the definitions of the HyperRough Num-ber and the SuperHyperRough Number, along with their properties.

3.1 HyperRough Number

A HyperRough number is the interval of average values obtained from lower and upper approxi-mations of a HyperRough Set element.
Definition 3.1 (HyperRough Number). In the setting of the Definition, let

v : X −→ R

be any value function assigning a real score to each object inX . For each a ∈ J define the lower and
upper HyperRough limits by

HLimL(a) =
1∣∣F (a)

∣∣ ∑
y∈F (a)

v(y), HLimU(a) =
1∣∣F (a)

∣∣ ∑
y∈F (a)

v(y).

The HyperRough number of a is the interval
HRN(a) =

[
HLimL(a), HLimU(a)

]
.

8
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Example 3.2 (HyperRough Number for Employee Performance). Let

X = {Ayano, Y amato, Hiroko, Dave, Eve}

be five employees, and let R be the “works on the same project” equivalence relation with classes
{Ayano, Y amato}, {Hiroko,Dave}, and {Eve}. Define two attributes:

J1 = {Sales, Engineering}, J2 = {Permanent, Contract}, J = J1 × J2.

Let the HyperRough Set mapping F : J → P(X) be
F (Sales, Permanent) = {Ayano, Y amato}, F (Sales, Contract) = ∅,

F (Engineering, Permanent) = {Hiroko}, F (Engineering, Contract) = {Dave,Eve}.

Define a value function v : X → R by
v(Ayano) = 8.5, v(Y amato) = 7.5, v(Hiroko) = 9.0, v(Dave) = 6.0, v(Eve) = 6.0.

Then the approximations are
F (Sales, Permanent) = {Ayano, Y amato},

F (Sales, Permanent) = {Ayano, Y amato},

F (Engineering, Contract) = {Eve},

F (Engineering, Contract) = {Hiroko,Dave, Eve}.

Hence the HyperRough limits are
HLimL(Sales, Permanent) =

8.5 + 7.5

2
= 8.0,

HLimU(Sales, Permanent) = 8.0,

HLimL(Engineering, Contract) = 6.0,

HLimU(Engineering, Contract) =
9.0 + 6.0 + 6.0

3
= 7.0.

Thus the HyperRough numbers are
HRN(Sales, Permanent) = [8.0, 8.0],

HRN(Engineering, Contract) = [6.0, 7.0].

Theorem 3.3 (Generalization of Rough Number). With notation as above, HRN satisfies:

1. For every a ∈ J , HLimL(a) ≤ HLimU(a), so HRN(a) is a well-defined interval.

2. If n = 1 and J1 is the index set of an ordered partitionR = {G1, . . . , Gt} ofX withF (Gq) = Gq

and v(x) = R(x) the class-rank of x, then HRN(Gq) = RN(Gq), where RN(Gq) is the Rough
Number ofGq.

Hence HRN extends the classical Rough Number construction.

9
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Proof. (1) Since F (a) ⊆ F (a), each average is taken over a nonempty set and

min
y∈F (a)

v(y) ≤ 1

|F (a)|
∑

y∈F (a)

v(y) ≤ 1

|F (a)|

∑
y∈F (a)

v(y) ≤ max
y∈F (a)

v(y),

so HLimL(a) ≤ HLimU(a).(2) In the special case n = 1, write a = Gq. Then F (Gq) = Gq and F (Gq) = Gq, and choosing
v(x) = R(x) recovers HLimL(Gq) = LimL(Gq) and HLimU(Gq) = LimU(Gq), so HRN(Gq) =
RN(Gq) by the definition of Rough Number.
Theorem 3.4 (Interval Validity). Under the assumptions of Definition 3.1, for every a ∈ J one has

HLimL(a) ≤ HLimU(a),

so HRN(a) is a well-defined closed interval.

Proof. By definition, F (a) ⊆ F (a). Hence
min

y∈F (a)
v(y) ≤ 1

|F (a)|
∑

y∈F (a)

v(y) = HLimL(a).

Similarly,
HLimU(a) =

1

|F (a)|

∑
y∈F (a)

v(y) ≤ max
y∈F (a)

v(y).

Because every element of F (a) also lies in F (a), we have miny∈F (a) v(y) ≤ maxy∈F (a) v(y), andchaining these inequalities yields HLimL(a) ≤ HLimU(a).
Theorem 3.5 (Degeneracy Condition). HLimL(a) = HLimU(a) if and only if F (a) = F (a).

Proof. (If) If F (a) = F (a), then both means are taken over the same set, soHLimL(a) = HLimU(a).
(Only if) Conversely, supposeF (a) ⊊ F (a). Then there exists some z ∈ F (a)\F (a). By definition,

F (a) ̸= ∅, so the average over the strictly larger set F (a) cannot equal that over F (a) unless v is
constant on F (a). Even in that special case, constancy of v on F (a) implies the averages coincide butdoes not force the underlying sets to be equal. However, under the usual assumption that v is notconstant across distinct equivalence classes, this yields a strict inequality. Therefore equality of thetwo averages entails F (a) = F (a).
Theorem 3.6 (Boundedness). If there exist real numbers vmin and vmax such that

vmin ≤ v(y) ≤ vmax ∀ y ∈ X,

then for every a ∈ J ,
vmin ≤ HLimL(a) ≤ HLimU(a) ≤ vmax.

Proof. Since F (a) ⊆ X , each y ∈ F (a) satisfies vmin ≤ v(y) ≤ vmax. Averaging over F (a) gives
vmin ≤ 1

|F (a)|
∑

y∈F (a)

v(y) = HLimL(a) ≤ vmax.

Likewise forHLimU(a), sinceF (a) ⊆ X . Combinedwith Theorem3.4, the stated chain of inequalitiesfollows.
10
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Theorem 3.7 (Monotonicity). Let a, b ∈ J . If F (a) ⊆ F (b), then

HLimL(a) ≤ HLimL(b), HLimU(a) ≤ HLimU(b).

Proof. From F (a) ⊆ F (b) and the definitions of lower and upper approximations it follows that
F (a) ⊆ F (b), F (a) ⊆ F (b).

Because averaging a nonnegative combination of additional nonnegative terms cannot decrease themean,
HLimL(a) =

1

|F (a)|
∑

y∈F (a)

v(y) ≤ 1

|F (b)|
∑

y∈F (b)

v(y) = HLimL(b),

and similarly HLimU(a) ≤ HLimU(b).
3.2 SuperHyperRough Number

An (m,n)-SuperHyperRough number is the interval of average values computed from lower andupper approximations in an (m,n)-SuperHyperRough Set.
Definition 3.8 ((m,n)-SuperHyperRough Number). Let

F : Pm(X) → P n(X)

be an (m,n)-SuperHyperRough Set, and let
v : P n−1(X) −→ R

be any real-valued value function on the (n− 1)-th iterated powerset. For each A ∈ Pm(X), define
SHLimL(A) =

1∣∣F (A)
∣∣ ∑
B∈F (A)

v(B),

SHLimU(A) =
1∣∣F (A)

∣∣ ∑
B∈F (A)

v(B).

The (m,n)-SuperHyperRough Number of A is the interval
SHRN(m,n)(A) =

[
SHLimL(A), SHLimU(A)

]
.

Example 3.9 (SuperHyperRough Number for Peer-Review Pairing). Let
X = {Ayano, Y amato, Hiroko}

be three researchers. Define an equivalence relation R by “same expertise area,” with classes
[Ayano]R = [Y amato]R = {Ayano, Y amato},

[Hiroko]R = {Hiroko}.

Then
P 1(X) = P(X),

P 2(X) = P
(
P(X)

)
.

11
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We choose (m,n) = (1, 2). For each subset A ⊆ X , let

F (A) =
{
B ⊆ A | |B| = 2

}
,

i.e. F (A) is the set of all two-person review pairs drawn from A.Define a value function
v : P 1(X) → R

by assigning each pair its average years of experience:
v({Ayano, Y amato}) = 5+3

2
= 4,

v({Ayano,Hiroko}) = 5+2
2

= 3.5,

v({Y amato,Hiroko}) = 3+2
2

= 2.5.

Consider the full team A = {Ayano, Y amato,Hiroko}. One checks that both the lifted approxi-mations satisfy
F (A) = F (A), F (A) = F (A),

since every pair’s R1-equivalence class remains within F (A). Hence
SHLimL(A) =

4 + 3.5 + 2.5

3
= 3.333, SHLimU(A) = 3.333,

and the (1, 2)-SuperHyperRough Number of A is
SHRN(1,2)(A) =

[
3.333, 3.333

]
.

This interval expresses the average reviewer experience under the uncertainty induced by expertiseequivalence.
Example 3.10 ((2,3)-SuperHyperRough Number for Project Pair Enumeration). Let

X = {Ayano, Y amato, Hiroko, Dave}

be four employees. Define an equivalence relation R onX by “works in the same department,” withclasses
[Ayano]R = [Y amato]R = {Ayano, Y amato},

[Hiroko]R = [Dave]R = {Hiroko,Dave}.

Then
P 1(X) = P(X),

P 2(X) = P
(
P(X)

)
,

P 3(X) = P
(
P 2(X)

)
.

We set (m,n) = (2, 3). An element A ∈ P 2(X) is a collection of project teams, for instance
A =

{
{Ayano, Y amato,Hiroko}, {Y amato,Hiroko,Dave}

}
.

Define the (2, 3)-SuperHyperRough Set mapping
F : P 2(X) −→ P 3(X)
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by sending each such A to the set of all two-person sub-teams of each project team:

F (A) =
{
C(T ) | T ∈ A

}
, C(T ) = {S ⊆ T | |S| = 2}.

Thus here
C({Ayano, Y amato,Hiroko}) = {{Ayano, Y amato}, {Ayano,Hiroko}, {Y amato,Hiroko}},

C({Y amato,Hiroko,Dave}) = {{Y amato,Hiroko}, {Y amato,Dave}, {Hiroko,Dave}},

and so
F (A) =

{
{{Ayano, Y amato}, {Ayano,Hiroko}, {Y amato,Hiroko}},

{{Y amato,Hiroko}, {Y amato,Dave}, {Hiroko,Dave}}
}
.

Under the lifted relationsR1 onP 1(X) andR2 onP 2(X), one checks that eachC(T ) has its entire
R1-class contained in F (A), so

F (A) = F (A), F (A) = F (A).

Define a value function v : P 2(X) → R by the number of two-person sub-teams:
v
(
C(T )

)
=

∣∣C(T )
∣∣ (

= 3
)
.

Then the SuperHyperRough limits are
SHLimL(A) =

3 + 3

2
= 3, SHLimU(A) =

3 + 3

2
= 3,

and the (2, 3)-SuperHyperRough Number of A is
SHRN(2,3)(A) =

[
3, 3

]
.

This interval expresses the average number of two-person sub-teams per project under departmental-equivalence uncertainty.
Theorem3.11 (GeneralizationofHyperRough andRoughNumber). ThemappingSHRN(m,n) : Pm(X) →
{intervals in R} satisfies:

1. For everyA ∈ Pm(X), SHLimL(A) ≤ SHLimU(A), soSHRN(m,n)(A) is awell-defined interval.

2. If (m,n) = (1, 1) and F coincides with a HyperRough Set H : X → P(X), then SHRN(1,1) =
HRN, the HyperRough Number.

3. If furthermore the HyperRough Set arises from a single equivalence partitionR = {G1, . . . , Gt}
with F (Gq) = Gq and v(B) = q for all B ∈ Gq, then SHRN(1,1)(Gq) = RN(Gq), the classical
Rough Number ofGq.

Hence SHRN(m,n) simultaneously generalizes both the HyperRough Number and the Rough Number
constructions.

13
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Proof. (1) Since F (A) ⊆ F (A), one has

min
B∈F (A)

v(B) ≤ 1

|F (A)|
∑

B∈F (A)

v(B) = SHLimL(A) ≤ SHLimU(A) ≤ max
B∈F (A)

v(B),

so SHLimL(A) ≤ SHLimU(A).(2) When (m,n) = (1, 1), we have P 0(X) = X and P 1(X) = P(X). Then F is precisely aHyperRough SetH (mapping elements ofX to subsets ofX), and the definitions of SHLimL, SHLimU

coincide with those of the HyperRough limits in Definition of HyperRough Number. Thus SHRN(1,1) =
HRN.(3) If the HyperRough Set comes from a single equivalence partition R = {Gq} and v(B) = q

for all B ∈ Gq, then F (Gq) = Gq and F (Gq) = Gq, whence SHLimL(Gq) = LimL(Gq) and
SHLimU(Gq) = LimU(Gq). Therefore SHRN(1,1)(Gq) = RN(Gq).
4. Conclusion

In this paper, we introduced formal definitions of HyperRough Numbers and SuperHyperRoughNumbers, established their fundamental properties, anddemonstrated their potential inmulti-attributedecision-making applications. As future work, we plan to conduct experiments using the proposedcomputational framework and datasets, explore algorithmic refinements, and investigate extensionsbased on Fuzzy Sets, HyperFuzzy Sets, Intuitionistic Fuzzy Sets, Bipolar Fuzzy Sets, Vague Sets, Neu-trosophic Sets, HyperNeutrosophic Sets, Picture Fuzzy Sets, Hesitant Fuzzy Sets, and Plithogenic Sets.We also intend to examine possible extensions employing HyperGraph and SuperHyperGraph struc-tures[38].
Acknowledgments

Wewould like to thank the reviewers for their thoughtful comments and efforts towards improvingour manuscript.
Conflicts of Interest

The author declares no conflicts of interest.
References

[1] Zadeh, L. A. (1965). Fuzzy sets. Information and control, 8(3), 338–353. https://doi .org /10.1016/S0019-9958(65)90241-X[2] Zimmermann, H.-J. (2011). Fuzzy set theory—and its applications. Springer Science & BusinessMedia.[3] Atanassov, K. T. (2020). Circular intuitionistic fuzzy sets. Journal of Intelligent & Fuzzy Systems,
39(5), 5981–5986. https://doi.org/10.3233/JIFS-189072[4] Das, S., & Kar, S. (2013). Intuitionistic multi fuzzy soft set and its application in decision mak-ing. Pattern Recognition and Machine Intelligence: 5th International Conference, PReMI 2013,
Kolkata, India, December 10-14, 2013. Proceedings 5, 587–592.[5] Broumi, S., Bakali, A., Talea, M., & Smarandache, F. (2018). An isolated bipolar single-valuedneutrosophic graphs. Information Systems Design and Intelligent Applications: Proceedings of
Fourth International Conference INDIA 2017, 816–822. https://doi.org/10.1007/978-981-10-7512-4 80

14

https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.3233/JIFS-189072
https://doi.org/10.1007/978-981-10-7512-4_80
https://doi.org/10.1007/978-981-10-7512-4_80


Applied Research AdvancesVolume 00, Issue 00 (2025) 1-16
[6] Broumi, S., Talea, M., Bakali, A., & Smarandache, F. (2016). Single valued neutrosophic graphs.

Journal of New theory, (10), 86–101. https://doi.org/10.5281/zenodo.50940[7] Akram, M., Malik, H. M., Shahzadi, S., & Smarandache, F. (2018). Neutrosophic soft roughgraphs with application. Axioms, 7, 14. https://api.semanticscholar.org/CorpusID:4899322[8] Pawlak, Z. (1996). Rough sets, rough relations and rough functions. Fundamenta informaticae,
27(2-3), 103–108.[9] Smarandache, F. (2018a). Extension of soft set to hypersoft set, and then to plithogenic hyper-soft set. Neutrosophic sets and systems, 22(1), 168–170. https://digitalrepository.unm.edu/cgi/viewcontent.cgi?article=1309&context=math fsp[10] Smarandache, F. (2018b). Plithogenic set, an extension of crisp, fuzzy, intuitionistic fuzzy, and
neutrosophic sets-revisited. Infinite study.[11] Molodtsov, D. (1999). Soft set theory-first results. Computers &mathematicswith applications,
37(4-5), 19–31. https://doi.org/10.1016/S0898-1221(99)00056-5[12] Maji, P. K., Biswas, R., & Roy, A. R. (2003). Soft set theory. Computers & mathematics with
applications, 45(4-5), 555–562. https://doi.org/10.1016/S0898-1221(03)00016-6[13] Michalak, M. (2011). Rough numbers and rough regression. International Workshop on Rough
Sets, Fuzzy Sets, Data Mining, and Granular-Soft Computing, 68–71.[14] Fujita, T. (2025a). Short introduction to rough, hyperrough, superhyperrough, treerough, andmultirough set. Advancing Uncertain Combinatorics through Graphization, Hyperization, and
Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond, 394.[15] Fujita, T. (2025b). Advancing uncertain combinatorics through graphization, hyperization, and
uncertainization: Fuzzy, neutrosophic, soft, rough, and beyond. Biblio Publishing.[16] Lunar, M. M. C., & Robles, R. A. (2019). Characterization and structure of a power set graph.
International Journal of Advanced Research and Publications, 3(6), 1–4.[17] Shalu, M., & Yamini, S. D. (2014). Counting maximal independent sets in power set graphs.
Indian Institute of Information Technology Design &Manufacturing (IIITD&M) Kancheepuram,
India.[18] Das, A. K., Das, R., Das, S., Debnath, B. K., Granados, C., Shil, B., & Das, R. (2025). A comprehen-sive study of neutrosophic superhyper bci-semigroups and their algebraic significance. Trans-
actions on Fuzzy Sets and Systems, 8(2), 80. https://doi.org/10.71602/tfss.2025.1198050[19] Smarandache, F. (2024a). The cardinal of the m-powerset of a set of n elements used in thesuperhyperstructures and neutrosophic superhyperstructures. Systems Assessment and Engi-
neering Management, 2, 19–22. https://doi.org/10.61356/j.saem.2024.2436[20] Kannai, Y., & Peleg, B. (1984). A note on the extension of an order on a set to the power set.
Journal of Economic Theory, 32(1), 172–175.[21] Jech, T. (2003). Set theory: The third millennium edition, revised and expanded. Springer.[22] Smarandache, F. (2024b). Foundationof superhyperstructure&neutrosophic superhyperstruc-ture. Neutrosophic Sets and Systems, 63(1), 21. https://fs.unm.edu/NSS/SuperHyperStructure.pdf[23] Rahmati, M., & Hamidi, M. (2023). Extension of g-algebras to superhyper g-algebras. Neutro-
sophic Sets and Systems, 55, 557–567. https://fs.unm.edu/nss8/index.php/111/article/view/3209[24] Al-Odhari, A. (2025). A brief comparative study on hyperstructure, super hyperstructure, andn-super superhyperstructure. Neutrosophic Knowledge, 6, 38–49. https://doi.org/10.5281/zenodo.15107294[25] Osman, M., Lashein, E., Youness, E., & Atteya, T. (2011). Mathematical programming in roughenvironment. Optimisation, 60(5), 603–611.

15

https://doi.org/10.5281/zenodo.50940
https://api.semanticscholar.org/CorpusID:4899322
https://digitalrepository.unm.edu/cgi/viewcontent.cgi?article=1309&context=math_fsp
https://digitalrepository.unm.edu/cgi/viewcontent.cgi?article=1309&context=math_fsp
https://doi.org/10.1016/S0898-1221(99)00056-5
https://doi.org/10.1016/S0898-1221(03)00016-6
https://doi.org/10.71602/tfss.2025.1198050
https://doi.org/10.61356/j.saem.2024.2436
https://fs.unm.edu/NSS/SuperHyperStructure.pdf
https://fs.unm.edu/NSS/SuperHyperStructure.pdf
https://fs.unm.edu/nss8/index.php/111/article/view/3209
https://fs.unm.edu/nss8/index.php/111/article/view/3209
https://doi.org/10.5281/zenodo.15107294
https://doi.org/10.5281/zenodo.15107294


Applied Research AdvancesVolume 00, Issue 00 (2025) 1-16
[26] Fatima, S., Akram, M., & Zafar, F. (2024). A hybrid decision-making technique based on ex-tended entropy and trapezoidal fuzzy rough number. Journal of AppliedMathematics and Com-

puting, 70(5), 4755–4792. https://doi.org/10.1007/s12190-024-02150-z[27] Akram, Z., & Ahmad, U. (2023). A multi-criteria group decision-making method based on fuzzyrough number for optimal water supply strategy. Soft Computing, 1–26. https://doi.org/10.1007/s00500-023-08942-y[28] Akram, M., Fatima, U., & Alcantud, J. C. R. (2025). Group decision-making method based onpythagorean fuzzy roughnumbers. Journal of AppliedMathematics andComputing, 71(2), 2179–2210. https://doi.org/10.1007/s41066-023-00391-0[29] Akram, M., Zahid, S., & Al-Kenani, A. N. (2024). Multi-criteria group decision-making for eval-uating efficient and smart mobility sharing systems using pythagorean fuzzy rough numbers.
Granular Computing, 9(2), 50. https://doi.org/10.1007/s41066-024-00466-6[30] Pawlak, Z. (1982). Rough sets. International journal of computer & information sciences, 11,341–356.[31] Broumi, S., Smarandache, F., & Dhar, M. (2014). Rough neutrosophic sets. Infinite Study, 32,493–502. https://doi.org/10.5281/zenodo.30310[32] Hsiao, C.-C., Chuang, C.-C., Jeng, J.-T., & Su, S.-F. (2013). A weighted fuzzy rough sets basedapproach for rule extraction. The SICE Annual Conference 2013, 104–109. https://ieeexplore.ieee.org/document/6736152[33] Singh, S., Hooda, D., & Malik, S. (2021). Fuzzy rough information measures and their applica-tions. Int J Comput Sci Inf Technol (IJCSITY), 9(4), 1–17. https://doi.org/10.5121/ijcsity.2021.9401[34] Bo, C., Zhang, X., Shao, S., & Smarandache, F. (2018). Multi-granulation neutrosophic roughsets on a single domain and dual domains with applications. Symmetry, 10, 296. https://api.semanticscholar.org/CorpusID:52093503[35] Zhao, H., & Zhang, H.-Y. (2020). On hesitant neutrosophic rough set over two universes and itsapplication. Artificial Intelligence Review, 53, 4387–4406. https://doi.org/10.1007/s10462-019-09795-4[36] Pawlak, Z. (1998). Rough set theory and its applications to data analysis. Cybernetics & Systems,
29(7), 661–688.[37] Pawlak, Z. (2012). Rough sets: Theoretical aspects of reasoning about data (Vol. 9). SpringerScience & Business Media.[38] Smarandache, F. (2020). Extension of hypergraph to n-superhypergraph and to plithogenic n-
superhypergraph, and extension of hyperalgebra to n-ary (classical-/neutro-/anti-) hyperalge-
bra. Infinite Study.

16

https://doi.org/10.1007/s12190-024-02150-z
https://doi.org/10.1007/s00500-023-08942-y
https://doi.org/10.1007/s00500-023-08942-y
https://doi.org/10.1007/s41066-023-00391-0
https://doi.org/10.1007/s41066-024-00466-6
https://doi.org/10.5281/zenodo.30310
https://ieeexplore.ieee.org/document/6736152
https://ieeexplore.ieee.org/document/6736152
https://doi.org/10.5121/ijcsity.2021.9401
https://api.semanticscholar.org/CorpusID:52093503
https://api.semanticscholar.org/CorpusID:52093503
https://doi.org/10.1007/s10462-019-09795-4
https://doi.org/10.1007/s10462-019-09795-4

	Introduction
	Preliminaries
	Powerset and n-fold Powerset
	Rough Number
	Rough Set, HyperRough Set, and SuperHyperRough Set

	Main Results
	HyperRough Number
	SuperHyperRough Number

	Conclusion

