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Mellin transformation has potential applications in signal processing, quantummechanics, and numerous domains of knowledge. Data collection and its inter-pretations must go through impreciseness in almost every real field of decision-making or modelling. In this paper, we contribute an alternative approach for theMellin transformation under imprecision. The interval-valued Mellin transforma-tion is introduced in this paper. We discuss the linearity, scaling, and sifting prop-erties of the interval-valued transformation. Also, the Mellin transformation ofthe generalized Hukuhara derivative of the interval-valued function is addressed.One possible application of interval-valued Mellin transformation to solve an un-certain Euler differential equation is manifested, and several more consequentapplications are hinted.Keywords:Mellin Transformation; ScalingProperty; Generalized HukuharaDerivative; Applied Computation;Interval Valued Function; SignalProcessing

1. Introduction
Integral transforms are widely recognized as effective mathematical tools for solving complicatedproblems arising in science and engineering. Recent developments have introduced new transformframeworks and generalized formulations that enhance the analytical treatment of differential equa-tions andmathematical models [1, 2]. Moreover, integral transform techniques have been successfullyapplied in mathematical physics and engineering, where they provide efficient approaches for analyz-ing complex systems and boundary value problems [3, 4]. Several researchers have also introducednew integral transforms to enhance the solution methodology for differential and integral equations.
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For example, the Sumudu transform [5], N-transform [6], Elzaki transform [7], and Upadhyaya trans-form [8] were proposed as alternatives to classical transforms with improved computational flexibilityin specific applications. Furthermore, generalized and fractional transform frameworks have beendeveloped to address complex mathematical models involving nonlocal operators and fractional dy-namics, including the general integral transform of Jafari [9], fractional Fourier transform formulations[10, 11], and generalized fractional Fourier transforms [12, 13]. The Mellin transform is an importantintegral transform that has extensive applications in mathematics and engineering, especially in theareas of asymptotic analysis, number theory, and complex analysis. Its earliest known use appears ina memoir by Riemann, where the transform was applied in the investigation of the well-known Zetafunction. Further details regarding this work, along with extensions introduced by M. Cahen, are dis-cussed in [14]. Although the transformation originated earlier, it was the Finnish mathematician R. H.Mellin (1854–1933) who systematically developed both the transform and its inverse. In the study ofspecial functions, Mellin employed this technique to solve hypergeometric differential equations andto derive asymptotic expansions. His work strongly emphasized analytic function theory and madesignificant use of Cauchy’s theorem together with the residue method. A detailed account of Mellin’slife and contributions is available in [15]. It serves as a powerful tool for solving differential and inte-gral equations and is closely related to other transforms such as the Fourier and Laplace transforms.The concept of the interval Mellin transform extends the traditional Mellin transform by incorporat-ing interval analysis, which deals with intervals rather than precise numerical values. This extensionis particularly useful in handling uncertainties and imprecise data, providing a framework for robustmathematical and engineering analyses.The non-deterministic nature of the dynamical systems given by differential and integral equationnecessitated the uncertain counterpart of the proposed theory. In this paper, we are aiming to estab-lish a theory of interval valued Mellin transform. In this connection, we surveyed the literature on theMellin transform under uncertainty. We found a very few papers on fuzzyMellin transformations. Sun& Yang [16] introduced the fuzzyMellin transformation and establihsed its associations with two sidedLaplace transformation. They also addressed the applicability of their proposed theory for solving thefuzzy differential equations. Azhar & Iqbal [17] incorporated the fractional sense in fuzzy Mellin trans-formation. Furthermore, they used it to solve fuzzy fractional differential equations. Singh et al. [18]discussed the fuzzy Mellin transformation in the context of modified Hukuhara derivative. Apart fromthis direction, uncertain Mellin transformation were used in crystallization of impreciseness moni-tored multi criteria group decision making. In this context, Jafariani & Tabatabaee [19] discussed jointFourier-Mellin transformation with fuzzy clustering. Type 2 interval valued fuzzy set has a significantrole in decision making problems under vagueness. Gong et al. [20] used Mellin transformation forinterpretation Type 2 interval fuzzy numbers as Mellin transformation of Type 1 fuzzy numbers. Chen& Huan [21] discussed trade-off between mean and spread using defuzzifcation technique associatedwith uncertain environment. Several worthy investigations [22, 23] were credited following the men-tioned approach.The study of Interval analysis is a mathematical framework for dealing with ranges (intervals) ofvalues instead of precise numbers. It provides methods to handle uncertainties, rounding errors, andimprecise measurements systematically. In interval analysis, numbers are represented as intervals
[a, b], where all values within the interval are considered possible. Operations are defined to prop-agate these intervals through mathematical computations, ensuring that the true value lies withinthe resulting interval. Interval analysis introduced by [24]. Numerous works were done on the opti-mization oriented manifestation of the interval analysis. Now, we surveyed the literature of intervalanalysis with the keywords integral transformation under interval uncertainty for estimating progressin this direction. It is to be noted that only a few studies on interval valued integral transformationswere published till date. In this context, [25] addressed fast Fourier transformation under interval
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uncertainty. Also, Das et al. [26] contributed a novel study of interval Laplace transformation and itspossible implications on the lot size models. Up to the authors’ knowledge, there is no single arti-cle in literature regarding the interval valued Mellin transformation. In this paper, the interval valuedMellin transformation is introduced. Various impacting characteristics like the linearity, scale and sift-ing of the Mellin transformation has been discussed in details. The result of the interval valued Mellintransformation for the generalized Hukuhara derivative are categorized. With the introduction of ofinterval valued Mellin transformation, this paper may be regarded as a pioneer in this direction offuture research.The remaining of this article is organized as follows: Section 2 describes the mathematical prereq-uisite for the proposed theory. Themain contribution of this article is given in Section 3, Section 4 andSection 5. In Section 3, we introduce the interval valued Mellin transformation. Different properties,like linearity, scaling and sifting are addressed under the newly proposed definition of Mellin transfor-mation in Section 4. In Section 5, we discuss the Mellin transformation of the generalized Hukuharaderivatives of interval valued function. Here, the possible applications of the interval valued Mellintransformation are also hinted. Ending remarks on the overall findings and contributions in this articleare given in Section 6.
2. Preliminaries

In this present section, we discuss the mathematical prerequisite regarding the interval numbersand interval valued calculus. Here is the beginning with the arithmetic properties of the interval num-bers. Let κc denote the family of all bounded closed intervals in R; i.e., let κc = {X = [χL, χU ] :
χL, χU ∈ R and χL ≤ χU}. Some interval arithmetic rules on κc are defined below:

(i) X + Y = [χL + ξL, χU + ξU ]

(ii) X − Y = X + (−1)Y = [χL − ξL, χU − ξU ]

(iii) λX =

{
[λχL, λχU ], λ ≥ 0

[λχU , λχL], λ < 0

(iv) XY = [u, v], where u = min{χLξL, χLξU , χUξL, χUξU} and
v = max{χLξL, χLξU , χUξL, χUξU}

(v) 1
X

= [ 1
χU

, 1
χL

], provided 0 /∈ X

(vi) X ≤ Y ⇔ χL ≤ ξL, χU ≤ ξU

Definition 1. The generalized Hukuhara difference of two intervalsX and Y , denoted byX⊖gH Y ,is defined as:

X ⊖gH Y = Z =

{
(a) X = Y + Z, or

(b) Y = X + (−1)Z
(1)

This difference has many interesting properties, for example X ⊖gH Y = 0 = [0, 0]. Also, the gH-difference of two intervalsX = [χL, χU ] and Y = [ξL, ξU ] always exists and it is equal toX ⊖gH Y =
[min{χL− ξL},max{χU − ξU}]. Henceforth, S will denote an open subset ofR. LetG : S −→ κc bean interval-valued function withG(x) = [gL(x), gU(x)], where gL(x) ≤ gU(x), ∀x ∈ S. The functions
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gL and gU are called the lower and the upper endpoint functions ofG, respectively.

Definition 2. Let x0 ∈ S and letG : S −→ κc be an interval-valued function, then the generalizedHukuhara derivative ofG at x0 is defined as:

G′(x0) = lim
h→0

G(x0 + h)⊖gH G(x0)

h
(2)

IfG′(x0) ∈ κc satisfying Eq. (2) exists, we say thatG is generalized Hukuhara differentiable at x0.One-sided derivatives can also be evaluated. The right-hand derivative ofG at x0 is given by:
G′(x0) = lim

h→0+

G(x0 + h)⊖gH G(x0)

h
(3)

while the left-hand derivative can be defined as:
G′(x0) = lim

h→0−

G(x0 + h)⊖gH G(x0)

h
(4)

It is important to note that the gH-derivative exists at x0 if and only if both the left-hand and right-handderivatives at x0 exist and are equal.
Definition 3. Let [χL, χU ] : [0,∞) → κc be defined by χL(x) = min{M(x), N(x)} and χU(x) =

max{M(x), N(x)}, x > 0; then x0 ∈ [0,∞) is said to be a switching point of [χL, χU ] ifM(x)−N(x)alters signs at x0.
Definition4. LetG : S −→ κc be an continuous interval-valued functionwithG(x) = [gL(x), gU(x)]such that gL(x) ≤ gU(x) for all x ∈ S and the integral of an interval-valued functionG be defined as∫ b

a
G(x)dx = [

∫ b

a
gL(x)dx,

∫ b

a
gU(x)dx]. Then:

1. The functionG(x) =
∫ x

a
g(t)dt is differentiable andG′(x) = g(x)

2. The function F (x) =
∫ b

x
f(t)dt is differentiable and F ′(x) = −f(x)

Corollary 1. If G is gH-differentiable with no switching point in the interval [a, b] then we have∫ b

a
G′(x)dx = f(b)⊖gH f(a).
Definition 5. Let [χL, χU ] : [0,∞) → κc be given by [χL, χU ](x) = [χL(x), χU(x)] for all x ∈

[0,∞). Then, the improper integral ∫∞
0
[χL, χU ](x)dx is said to be convergent if and only if both theimproper integral ∫∞

0
χL(x)dx and ∫∞

0
χU(x)dx are convergent.

Corollary 2. If the improper integral converges, then:∫ ∞

0

[χL, χU ](x)dx =

[ ∫ ∞

0

χL(x)dx,

∫ ∞

0

χU(x)dx

]
(5)

3. Mellin Transforms of Interval-Valued Functions

Definition 6. Let [χL, χU ] : [0,∞) → κc be an interval-valued function with χL(x) ≤ χU(x) forall x ≥ 0. For Re(p) > 0, the interval Mellin transform of [χL, χU ] is defined by:
MI{[χL, χU ](x); p} =

[∫ ∞

0

xp−1χL(x) dx,

∫ ∞

0

xp−1χU(x) dx

]
(6)

provided both integrals converge.
Definition 7 (polynomial growth condition). An interval-valued function [χL, χU ] is said to satisfy
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the polynomial growth condition if there exist positive constants C1, C2, α, and β such that the abso-lute values of the endpoint functions are bounded byC1x

−α as x → 0+ and byC2x
β as x → ∞. Thatis:

|χL(x)|, |χU(x)| ≤ C1x
−α (x → 0+) (7)

and
|χL(x)|, |χU(x)| ≤ C2x

β (x → ∞) (8)
In other words, the endpoint functions exhibit controlled polynomial behavior near the origin and atinfinity, ensuring that their growth remains within prescribed bounds.

Theorem1 (existence of intervalMellin transform). The intervalMellin transformMI{[χL, χU ](x); p}exists and defines a valid interval if and only if:
1. The classical Mellin transformsM{χL(x); p} andM{χU(x); p} exist
2. There exists a vertical strip 0 < Re(p) < ∞ such that

M{χL(x); p} ≤ M{χU(x); p} for all admissible p (9)
In this caseMI{[χL, χU ](x); p} =

[
M{χL(x); p},M{χU(x); p}

].
Proof of Theorem 1: Given in Appendix 1.
Corollary 3. Theorem 1 provides the following results:
1. If the Mellin transform of [χL, χU ] exists, thenMI{[χL, χU ](x); p} = [M{χL(x); p},

M{χU(x); p}]

2. Let χL(x) = min{ϕ(x), ξ(x)} and χU(x) = max{ϕ(x), ξ(x)}

If the ordering ϕ(x) ≤ ξ(x) (or vice versa) holds on (0,∞), thenMI{[χL, χU ](x); p} =
[M{χL(x); p}, M{χU(x); p}].
4. Properties of Interval-Valued Mellin Transform

Property 1 (Linearity property). Let [χL, χU ]i : [0,∞) → κc be defined by [χL, χU ]i(x) =
[χiL(x), χiU(x)] with i = 1, 2 as the two interval valued function whose Mellin transform exists and
a and b be two non negative real constants. Then MI{a[χ1L(x), χ1U(x)] + b[χ2L(x), χ2U(x)]; p} =
aMI{[χ1L(x), χ1U(x)]; p}+ bMI{[χ2L(x), χ2U(x)]; p}.

Proof of Property 1: Given in Appendix 2.
Corollary 4. Linearity property for the Mellin transform of an interval-valued function also holdswhen the coefficient is an interval number; i.e.,MI{[aL, aU ][χ1L(x), χ1U(x)]+

[bL, bU ][χ2L(x), χ2U(x)]; p} = [aL, aU ]MI{[χ1L(x), χ1U(x)]; p} + [bL, bU ]MI{[χ2L(x), χ2U(x)]; p},where [aL, aU ], [bL, bU ] ∈ κc provided aL ≥ 0 and bL ≥ 0.
Property 2 (Scaling property). Let [χL, χU ] : (0,∞) → κc be an interval-valued function whoseinterval Mellin transform exists. For any real constant c > 0, the following relation holds:

MI{[χL(cx), χU(cx)]; p} =
1

cp
MI{[χL(x), χU(x)]; p}, Re(p) > 0 (10)

Proof of Property 2: Given in Appendix 3.
Property 3 (Shifting property). Let [χL, χU ] be an interval-valued function such that both

MI{[χL, χU ](x); p} and MI{[χL, χU ](x); p + c} exist and MI{[χL, χU ](x); p} = [χ̃L(p), χ̃U(p)].Then, for any real number c, it follows thatMI{xc[χL, χU ](x); p} = [χ̃L(p+ c), χ̃U(p+ c)].
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Proof of Property 3: Given in Appendix 4.
Property 4. Let [χL, χU ] be an interval-valued function such thatMI{[χL, χU ](x); p} and

MI{[χL, χU ](x);
p
c
} both exis andMI{[χL(x), χU(x)]; p} = [χ̃L(p), χ̃U(p)]. Then, for any real num-ber c > 0, it follows thatMI{[χL(x

c), χU(x
c)]; p} = 1

c
[χ̃L(

p
c
), χ̃U(

p
c
)].

Proof of Property 4: Given in Appendix 5.
5. Mellin Transform gH-Derivatives of Interval-Valued Functions

Theorem2. Let [χL, χU ] : (0,∞) → κc be an interval-valued function that is generalizedHukuharadifferentiable. Assume that for i = L,U , we have limx→0+ xp−1χi(x) = 0, limx→∞ xp−1χi(x) = 0,and Re(p) > 1. Then the interval Mellin transform of the gH-derivative satisfies:
MI{[χL, χU ]

′(x); p} =

−(p− 1)MI{[χL, χU ](x); p− 1}, χ′
L(x) ≤ χ′

U(x)

−(p− 1)MI{[χU , χL](x); p− 1}, χ′
U(x) ≤ χ′

L(x)
(11)

where the inequalities hold on the corresponding sub-intervals of (0,∞).
Proof of Theorem 2: Given in Appendix 6.
Example 1. Let [χL, χU ](x) = [e−2x, e−x], x > 0. For Re(p) > 0, we have:

MI{[e−2x, e−x]; p} =

∫ ∞

0

xp−1[e−2x, e−x]dx

=

[ ∫ ∞

0

xp−1e−2xdx,

∫ ∞

0

xp−1e−xdx

]
= [

1

2p
Γ(p),Γ(p)] (12)

The considered interval-valued function is generalized Hukuhara differentiable of the first kind onthe interval (0, ln 2), while it is generalized Hukuhara differentiable of the second kind on (ln 2,∞).Therefore, applying Theorem 2, we obtain the following result:
MI{[e−2x, e−x]′(x); p} =

{
[−Γ(p),− 1

2p−1Γ(p)], x ∈ (0, ln 2)

[− 1
2p−1Γ(p),−Γ(p)], x ∈ (ln 2,∞)

Theorem3. Let [χL, χU ] : (0,∞) → κc be an interval-valued function that is generalizedHukuharadifferentiable. Assume that for i = L,U , we have limx→0+ xp−1χi(x) = 0, limx→∞ xp−1χi(x) = 0,and Re(p) > 1. Then:
M1{x[χL, χU ]

′(x); p} = −pM1{[χL, χU ](x); p} (13)
and

M1{x2[χL, χU ]
′(x); p} = p(p+ 1)M1{[χL, χU ](x); p} (14)

Proof of Theorem 3: It is straight forward.
Example 2. Consider an interval valued Euler differential equation as follows:(

x2D2 + 2xD − 2
)
[χL, χU ](x) = [2, 10]u(a− x) x−3, a > 0 (15)

In Eq. (15), u(a − x) is a step function. Then, applying the interval valued Mellin transformation, wehave (p2 − p− 2)M1{[χL, χU ](x); p} = [2, 10] a
p−3

(p−3)
.

That isM1{[χL, χU ](x); p} = [2, 10] ap−3

(p+1)(p−2)(p−3)
= [2, 10]ap−3[ 1

4(p−3)
− 1

3(p−2)
− 1

12(p+1)
].Then, the inverse Mellin transformation provides the solution of the interval valued Euler differentialequation as [χL, χU ](x) = [2u(a− x)( 1

4x3 − 1
3x2 +

x
12
), 10u(a− x)( 1

4x3 − 1
3x2 +

x
12
)].

174



Applied Research AdvancesVolume 2, Issue 1 (2026) 169-178

6. Conclusions
Mellin transformation is associated with several advanced technological aspects, such as imagerecognition and scaling moving objects related to the computer science domain. On the other hand,the analytical behavior of the Riemann-Zeta function, Weyl functional integrations, and derivativescan be investigated better with the help of the Mellin transformation. The associated functions inboth theoretical and practical aspects may carry imprecision due to measurement, prediction, anddecoding intuitions. In such phenomena, the study of the uncertain Mellin transformation is necessi-tated. This paper contributed a theoretical introduction to the interval-valued Mellin transformation.Furthermore, it also solves an uncertain Euler differential equation as an application of the proposedstudy, hinting at a path ofmore such advancements in uncertain ordinary and partial differential equa-tions before being used aptly in computer science and management models.The present work is limited to the theoretical development of the interval-valuedMellin transformand the investigation of its fundamental properties. Moreover, the applicability of the proposed trans-form has been illustrated through a single uncertain Euler differential equation. Future research mayfocus on developing inversion formulas and numerical algorithms, establishing additional operationalproperties, and extending the proposed framework to fractional differential equations and other un-certain mathematical models arising in science and engineering.

Appendix 1: Proof of Theorem 1

Assume that the interval Mellin transformMI{[χL, χU ](x); p} exists.By Definition 1, it is given byMI{[χL, χU ](x); p} =
[∫∞

0
xp−1χL(x) dx,

∫∞
0

xp−1χU(x) dx
]
.Since the transform exists, both improper integrals ∫∞

0
xp−1χL(x) dx and ∫∞

0
xp−1χU(x) dx con-verge absolutely. Hence, the classical Mellin transformsM{χL(x); p} andM{χU(x); p} exist. More-over, because xp−1 ≥ 0 for Re(p) > 0 and χL(x) ≤ χU(x) for all x > 0, the monotonicity of theintegral implies ∫∞

0
xp−1χL(x) dx ≤

∫∞
0

xp−1χU(x) dx.Therefore,M{χL(x); p} ≤ M{χU(x); p} for all admissible p in the vertical strip 0 < ℜ(p) < ∞.This proves conditions (i) and (ii).Conversely, assume that the classical Mellin transformsM{χL(x); p} andM{χU(x); p} exist andsatisfyM{χL(x); p} ≤ M{χU(x); p} for all p with 0 < ℜ(p) < ∞.Then, both integrals ∫∞
0

xp−1χL(x) dx and ∫∞
0

xp−1χU(x) dx are finite. Since xp−1 ≥ 0 in theadmissible strip, the ordering of the endpoints is preserved under integration.Hence, the expression [∫∞
0

xp−1χL(x) dx,
∫∞
0

xp−1χU(x) dx
] defines a valid closed interval in κc.Therefore, the intervalMellin transformMI{[χL, χU ](x); p} exists and is givenbyMI{[χL, χU ](x); p} =[

M{χL(x); p},M{χU(x); p}
]
.

Appendix 2: Proof of Property 1

Using thedefinitionof theMellin transform,wehaveMI{a[χ1L(x), χ1U(x)]+b[χ2L(x), χ2U(x)]; p} =∫∞
0

xp−1{a[χ1L(x), χ1U(x)] + b[χ2L(x), χ2U(x)]}dx = a
∫∞
0

xp−1[χ1L(x), χ1U(x)]dx+
b
∫∞
0

xp−1[χ2L(x), χ2U(x)]dx = aMI{[χ1L(x), χ1U(x)]; p}+ bMI{[χ2L(x), χ2U(x)]; p}.
Appendix 3: Proof of Property 2

By the definition of the interval Mellin transform, we have:
MI{[χL(cx), χU(cx)]; p} =

[∫∞
0

xp−1χL(cx) dx,
∫∞
0

xp−1χU(cx) dx
]
.Consider the lower endpoint integral. Using the change of variable z = cx (with c > 0), we obtain

x = z
c
and dx = 1

c
dz. Hence: ∫∞

0
xp−1χL(cx) dx =

∫∞
0

(
z
c

)p−1
χL(z)

dz
c
= 1

cp

∫∞
0

zp−1χL(z) dz.
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Similarly, for the upper endpoint, we have ∫∞

0
xp−1χU(cx) dx = 1

cp

∫∞
0

zp−1χU(z) dz. There-fore: MI{[χL(cx), χU(cx)]; p} = 1
cp

[∫∞
0

zp−1χL(z) dz,
∫∞
0

zp−1χU(z) dz
]
. Recognizing the intervalMellin transform of [χL, χU ], we obtainMI{[χL(cx), χU(cx)]; p} = 1

cp
MI{[χL(x), χU(x)]; p}.Since c > 0 andRe(p) > 0, the kernel xp−1 remains non-negative, ensuring preservation of inter-val ordering.

Appendix 4: Proof of Property 3

From the definition of Mellin transform, we have:
MI{xc[χL(x), χU(x)]; p} =

∫∞
0

xc[χL(x), χU(x)]x
p−1dx =

∫∞
0

xc+p−1[χL(x), χU(x)]dx

=

[
M{χL(x); p+ c},M{χU(x); p+ c}

]
= [χ̃L(p+ c), χ̃U(p+ c)].

Appendix 5: Proof of Property 4

From the definition of Mellin transform, we have:
MI{[χL(x

c), χU(x
c)]; p} =

∫∞
0
[χL(x

c), χU(x
c)]xp−1dx =

[ ∫∞
0

xp−1χL(x
c)dx,

∫∞
0

xp−1χU(x
c)dx

]
.

Let us take the substitution xc = z. Then, x = z
1
c and dx = 1

c
z

1
c
−1dz. Using the above substitu-tion, we have:

MI{[χL(x
c), χU(x

c)]; p} =

[ ∫∞
0

z
p−1
c χL(z)

1

z
c−1
c
dz,

∫∞
0

z
p−1
c χU(z)

1

z
c−1
c
dz

]
=

[
1
c

∫∞
0

z
p−1−c+1

c χL(z)dz,
1
c

∫∞
0

z
p−1−c+1

c χU(z)dz

]
=

[
1
c

∫∞
0

z
p
c
−1χL(z)dz,

1
c

∫∞
0

z
p
c
−1χU(z)dz

]
= 1

c
M1{[χL(x), χU(x)];

p
c
} = 1

c
[χ̃L(

p
c
), χ̃U(

p
c
)].

Appendix 6: Proof of Theorem 2

Case 1: Suppose [χL, χU ]
′(x) = [χ′

L(x), χ
′
U(x)]. ThenM1{[χL, χU ]

′(x); p}
=

[∫∞
0

xp−1χ′
L(x) dx,

∫∞
0

xp−1χ′
U(x) dx

]
.Using integration by parts and the assumed boundary con-ditions, we have ∫∞

0
xp−1χ′

L(x) dx = −(p− 1)
∫∞
0

xp−2χL(x) dx, and similarly for χU(x).HenceMI{[χL, χU ]
′(x); p} = −(p− 1)MI{[χL, χU ](x); p− 1}.

Case 2: Suppose [χL, χU ]
′(x) = [χ′

U(x), χ
′
L(x)]. Proceeding analogously yields:MI{[χL, χU ]

′(x); p} =
−(p− 1)MI{[χU , χL](x); p− 1}.
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