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Graph theory provides a fundamental framework for representing and analyzing
relationships among interconnected entities. In this paper, we introduce the con-
cepts of Meta-Graphs and iterated Meta-Graphs as hierarchical structures that
extend classical graph representations to multiple levels of abstraction. A Meta-
Graph is defined as a graph whose vertices are themselves graphs, while edges
represent specified relations between those graphs. Building on this concept, an
iterated Meta-Graph is obtained recursively by constructing graphs whose ver-
tices are objects from the preceding level, thereby enabling the representation
of complex systems with nested organizational structures. To formalize these
ideas, we provide rigorous definitions of Meta-Graphs, relation lifting mecha-
nisms, and iterated universes, together with illustrative examples motivated by
real-world networked systems. We further extend the framework by introduc-
ing the Temporal Iterated Meta-Graph, which models the evolution of hierarchi-
cal graph structures through time-indexed snapshots, and the edge-valued fuzzy
iterated Meta-Graph, which enriches certified meta-relations with membership
degrees that quantify uncertainty, confidence, or interaction strength. Several
practical examples from microservice architectures, dependency analysis, and or-
ganizational systems are presented to demonstrate the applicability of the pro-
posed framework. The introduced concepts establish a foundation for studying
higher-order and dynamic graph structures, opening new directions for modeling,
analysis, and decision-making in complex interconnected environments.
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1. Meta-Graphs (Graphs of Graphs)

Graph theory studies mathematical structures composed of vertices and edges to model relation-
ships and connectivity [1]. Informally, a Meta-Graph is a graph whose vertices are themselves graphs,
and whose edges encode specified relations between those graphs (cf. [2]). Extensions of these con-
cepts are also known in the literature [3-6].

Definition 1.1 (Universe of graphs and relation labels). Let & be a nonempty class (or set) of finite
simple undirected graphs (loopless, without parallel edges) and let R be a nonempty set of binary
relations on &, i.e.,

R CP(B xB), R # (.

Elements R € R are called relation labels.

Definition 1.2 (Meta-Graph (graph of graphs)). (cf. [7]) A Meta-Graph over (&, R) is a (finite) directed,
R-labelled multigraph
M - (‘/7 E7 S7t7 )\)7

where
VCae, FE is a finite set, s,t: B —V, A E—R,

such that every meta-edge is certified by its label:
Vee E: (s(e), t(e)) € A(e).

The elements of V' are meta-vertices (each meta-vertex is a graph G € ®). For an edge e € E with
A(e) = R, we may write s(e) LR t(e).

If R = {R} is a singleton, the label map A may be suppressed. If each R € R is symmetric,
then the underlying undirected labelled multigraph obtained by forgetting orientations is well-defined
(equivalently, one may identify opposite orientations).

Example 1.3 (Concrete example of a Meta-Graph). Consider an organization in which each project
team has its own internal interaction graph whose vertices are employee IDs and whose edges indicate
frequent communication. Let & be the class of all finite simple undirected graphs whose vertex sets
are finite subsets of a fixed label set L.

Define two binary relations on &:

Rgare = {(G.H) €& x & | V(G)NV(H) # 0},

Ry, = {(H, G)ebBx6 | H is isomorphic to a (not necessarily induced) subgraph of G}.

Let R := {Rsharea Rsub}-
Now define three base graphs (meta-vertices):

Gi:a—b—c, Gs : triangle on {c, d, e}, Gs: d—e.

Then (G, G2) € Rghare Since they share the vertex label ¢, (G2, G3) € Rgare Since they share d and
e, and (G3, G2) € Rgy, since the edge d—e occurs as a subgraph of the triangle on {c, d, e}.
Define the metagraph
M = (V,E,s,t,\)

by
V= {G17G27G3}7 E = {e19, €93, €32},
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Fig. 1. A Meta-Graph whose vertices are graphs GG1, G2, G5. Edges are labelled by relations R are
(shared vertex labels) and R, (subgraph relation).

s(e1z) = Gy, t(e12) = Go2, A(e12) = Rshare,
s(ess) = G, t(eas) = Gs, A(€23) = Rshare,
s(esn) = G, t(esz) = Ga, A(es2) = Reup.

By construction, every meta-edge is certified by its label, so M is a Meta-Graph over (&, R) in the
sense of Definition 1.2. A schematic drawing is given in Figure 1.

2. Iterated Meta-Graphs (Graphs of Graphs of - - - of Graphs)

An iterated Meta-Graph recursively repeats the construction “graph whose vertices are previous-
level objects.”

Definition 2.1 (Meta-Graph constructor). For any pair (4, S) consisting of a nonempty universe l and
a nonempty family S C P (L x 4l) of binary relations on {1, let

Meta(Ll, S)

denote the class of all finite Meta-Graphs over (1, S) in the sense of Definition 1.2 (with &, R replaced
by 4, S).

Definition 2.2 (Unit embedding). For X € &, define the unit Meta-Graph on X by
U(X) = ({X},0, 50,9, \o),

where sy, tg : 0 — {X} and Ay : O — R are the unique functions with empty domain. Then
U: & — Meta(®, R) is injective.

Definition 2.3 (Existential relation lifting). Let (4, S) be as in Definition 2.1. For each S € S define a
binary relation ST on Meta(4l, S) by

(M, My) € ST <= Fox e V(M)3y V(M) : (z,y) €S,
where V' (M) denotes the vertex set of M. Set
ST:={51:S €8} CP(Meta(l,S) x Meta(i,S)).
Definition 2.4 (Iterated universes). Define recursively for ¢ € Ny:
&0 .— ®, RO .— R,

and for ¢t > 0,
G = Meta(6®, RY), ROV .= (RO)

where (-)" is the lifting from Definition 2.3.
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Definition 2.5 (Iterated Meta-Graph of depth t). Let t € Ny. An iterated Meta-Graph of depth t is a
Meta-Graph
MO — (V(t),E(t), s® ¢ )\(t)) c Meta(ﬁ(t),R(t)),

that is,
VO C @(ﬂj S(t),t(t) B DN V(t), A® gl R(t),

and
Ve € EW . (s(t)(e), t(t)(e)) € )\(t)(e).

Equivalently, an iterated Meta-Graph of depth ¢ is an element of &+,

Remark 2.6. Depth 0 objects are graphs in &. Depth 1 objects are Meta-Graphs whose vertices are
graphs. Depth 2 objects are Meta-Graphs whose vertices are depth 1 Meta-Graphs, and so on. At each
depth, every edge is certified by a relation label living at the same depth (obtained via the lifting).

Example 2.7 (Concrete real-world example of an iterated Meta-Graph of depth t). We give a minimal
nontrivial concrete example by taking depth ¢ = 1, i.e. a graph of Meta-Graphs (a “graph of graphs of
graphs”).

Depth 0 (service-internal graphs). Consider an e-commerce platform implemented as microservices.
For each microservice S, let Gg € & be the (finite, simple, undirected) component call graph of S:
vertices are internal modules (billing, fraud-check, cache, ...) and edges indicate frequent runtime
calls. Assume we have metadata maps

DB, API : & — P(Resources),

where DB(G) is the set of databases/tables touched by the service represented by GG, and API(G) is
the set of external API contracts the service consumes or exposes.
Define two relation labels on &:

Ra, = {(G,H) € & x & | DB(G) NDB(H) # 0},
Rapi:={(G,H) € x& | API(G)NAPI(H) #0}, R :={Rap, Rapi}-

Depth 1 vertices (Meta-Graphs for product domains). Let (1) = Meta(®, R) and RV = R (Defi-
nitions 2.1-2.3).

Checkout-domain Meta-Graph. Let G o, Gpay, Giny € ® denote the internal graphs of the Cart, Pay-
ments, and Inventory services, and suppose (for concreteness)

DB(Geart) = {CartDB}, DB(Gpay) = {OrderDB, UserDB}, DB(Gi,y) = {StockDB},
API(Geart) = {CheckoutAPI},  API(Gpay) = {CheckoutAPI},  API(Giyy) = {ReserveAPI}.
Define the depth-1 Meta-Graph (a meta-vertex for the next level)
Mek = (Veni, Eenk, Schk, tenks Achk) € Meta(®, R)

by
‘/chk = {Gcarta Gpaya Ginv}7 Echk = {ecp}u
Schk(ecp) - Gcartu tchk(ecp) - Gpay7 /\chk<ecp> - Rapi-

Indeed, (Geart, Gpay) € Rapi because both use CheckoutAPI.
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Fig. 2. A depth-1 iterated Meta-Graph K (") whose vertices are Meta-Graphs (M, Mac.). The edge
label R}, certifies that some underlying pair of services across the two domains shares a database
(here via UserDB).

Account-domain Meta-Graph. Let Gy, Goror € ® denote the internal graphs of the Authentication
and Profile services, and suppose

DB(Gautn) = {UserDB}, DB(G,0) = {UserDB},

API(Gaun) = {AuthAPI},  API(Gror) = {ProfileAPI}.

Define
Macc - (‘/YaCC) EaCC) SaCC7 2(;ZiCC) /\acc) 6 Meta’(®7 R)

by
Vacc = {Gautha Gprof}> Eacc = {eap}a
Sacc(eap) = Gautha tacc(eap) = Gprof7 Aacc(eap) - Rdb-

Indeed, (Gauth, Gprof) € Ran because both touch UserDB.

Depth 1 Iterated Meta-Graph (graph of Meta-Graphs). Consider the lifted relation Rgb e RW on
IOk
(My, My) € R}, <= 3z V(M)3IyeV(M): (z,y) € Rap.

Since Gpay € Venk and Gayen € Viee satisfy
(Gpay, Gauth) € Ran  (because DB(Gpay) N DB(Gautn) = {UserDB}),

we have (M, Mac) € Rgb.
Therefore, the following is a well-defined iterated Meta-Graph of depth t = 1 (Definition 2.5):

KO — (v, BD 0 11 A0 ¢ Meta(s, RW),

where
V(l) = {Mchka Macc}a E(l) = {5}7

sW(e) = My, tW(e) = Maee, AY(e) = R),.
The certification constraint holds because (s (), tV(g)) = (Mni, Macc) € Rl,.

Interpretation. Vertices M, and M, .. summarize within-domain service interactions, while the top-
level edge ¢ records a cross-domain coupling induced by shared data resources. Higher depths (¢ > 2)
arise by grouping these domain Meta-Graphs into larger portfolios (e.g., “Retail”, “Identity”, “Logis-
tics”) and iterating the same construction.

A schematic overview is shown in Figure 2.
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3. Temporal Iterated Meta-Graph

A temporal iterated Meta-Graph is a time-indexed family of depth-t Meta-Graphs whose certified
labeled meta-edges change across evolving snapshots discretely.

Fix a nonempty universe & of finite (simple, undirected) graphs and a nonempty family of binary
relations R C P(® x &). Let {&®) R®}, ., be the iterated object/relation universes obtained by
the Meta-Graph constructor and the chosen lifting (e.g., the existential lifting) as previously defined.

Definition 3.1 (Temporal iterated Meta-Graph of depth ¢). Let (T, <) be a nonempty totally ordered
time set (e.g., T = N for discrete time or T = R for continuous time), and fix ¢t € Ny,.
A temporal iterated Meta-Graph of depth t over (&® R ®)) is a mapping

M® : T — Meta (6, RY), T— MW,

where each snapshot

is a (finite) Meta-Graph over (&), R("), i.e.,

VO Ce®, 5O 0. EO 0 0. g0 RO,

T = T T T

and satisfies the certification constraint for every 7 € T:

Ve € EW (S(Tt)(e), t(e)) € A (e).
Remark 3.2. One may impose additional regularity conditions depending on the application, e.g.
(i) piecewise-constancy (finitely many change points on bounded intervals), (ii) vertex-persistence
(VT(t) = V® for all 7), or (iii) event-time stamping (each edge e carries an activation set O©(e) CT).

Example 3.3 (Concrete real-world example of a temporal iterated Meta-Graph of depth ¢). We give
a concrete nontrivial example with depth t = 1 and discrete time T = N, motivated by incident
response and change management in a microservice system.

Depth 0 (service-internal graphs). As in Example 2.7, each microservice S has an internal module-call
graph G5 € & (finite, simple, undirected).
Let DB be a fixed set of database resources (tables, topics, buckets, etc.) and assume a metadata
map
DB: 6 — P(DB),

where DB(G) is the set of DB resources accessed by the service represented by G.
Define a binary relation label on &:

Rgharens == {(G,H) € 8 x & | DB(G) NDB(H) # 0}, R := { RehareDB }-

Depth 1 universe and lifted relation. Let &()) = Meta(®, R) and R = R!. Thus R], ., € RW
is defined by

(M, Ms) € thareDB = Jor e V(M) Iy e V(M) : (z,y) € RshareDB-

Time axis. Let time be measured in weeks: T = N, where 7 indexes “week 7".
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Snapshots (weekly portfolio-of-domains dependency). Fix two domain Meta-Graphs (depth-1 ob-
jects)
Mchka Macc € 6(1) = Meta(®7R)a

representing the Checkout and Account domains (each is a Meta-Graph whose vertices are service
graphs).
For each week 7 € N, define a depth-1 iterated Meta-Graph snapshot

MY — (V(l),E(l),S(l),t(l), )\(1)) c Meta(@m,R(l))
by keeping the meta-vertex set persistent and allowing edges to change with deployments:

VY = { My, Moo} forall 7.

Let Eﬁl) encode whether the two domains share any DB resource in that week:

g . Jet i (Mo Mace) € R g holds in week 7,
T, otherwise.

When B = {e}, set

35-1)<5> = My, t(l)(g) = M, )‘(1)(5) = RZ‘hareDB'

Concrete change scenario. Suppose that during week 7 = 10 a release introduces a new feature
where Checkout writes to UserDB (previously used only by Account). Then:

Eél) = (no cross-domain shared DB in week 9),

E%) ={e} and )\%) (e) = R!._..ps (shared DB begins in week 10).
If the feature is later rolled back in week 7 = 12, then Eg) = () again.

Temporal iterated Meta-Graph. Define
M® : N — Meta(¢®, RW) 71— MWD,

By construction, every snapshot M is a Meta-Graph over (&), R1)) and satisfies the certification
constraint: if ¢ € Eﬁl) then

(39) <5>7t7(—1) (6)) = (Mchk7 Macc) € RZhareDB = )\(l) (8)

T

Hence M) is a temporal iterated Meta-Graph of depth t = 1 in the sense of Definition 3.1.

Interpretation. The time-indexed snapshots track how cross-domain coupling (here, shared database
usage) appears and disappears as the system evolves via deployments and rollbacks, which is central
in incident response, auditing, and architectural governance.

Theorem 3.4 (Well-definedness of temporal iterated Meta-Graphs). Fix ¢t € Ny and let (T, <) be a
nonempty totally ordered set. Assume that Meta(®"), R(") denotes the class of all (finite) Meta-
Graphs over (&) R®) as in Definition 1.2. Then Definition 3.1is well-defined in the following precise
sense:
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(i) Foreacht € T, the snapshot MT(t) = (VT(t), E@, s(f), tgt), )\St)) is a legitimate Meta-Graph object
in Meta(&® R®),

(i) Consequently, the assignment M®) : T — Meta(®®), R®) is a well-typed mapping (i.e., its

codomain membership claim is meaningful and satisfied pointwise).

Proof. By Definition 3.1, for each 7 € T we are given data

v Ce® EW finite, FONION O 7A0K A0 EO 5 RO

T = T YT T ’

together with the certification constraint

Ve € EW (s(t)(e% t(t)(e)) e A9 (e).

T

This is exactly the defining condition for the tuple MY = (VT(t), Eﬁt), s(Tt),tSt), )\(Tt)) to be a Meta-
Graph over (&) R®) (cf. Definition 1.2, applied with & + &® and R + R®). Hence MY ¢
Meta(®®, RM) for every 7 € T, proving (i).

Since the codomain Meta(&®), R(") is thus satisfied pointwise, the assignment 7 — M is a
mapping from T into Meta(&®  R®) in the set-theoretic sense (i.e., a function with that codomain),
proving (ii). ]

4. Edge-valued fuzzy iterated Meta-Graph

A fuzzy set assigns each element a membership degree in [0, 1], modeling partial belonging and
gradual boundaries under uncertainty contexts. Related concepts are also known, such as Picture
Fuzzy Sets[8], Hesitant Fuzzy Sets [9, 10], Neutrosophic Sets [11, 12], and Plithogenic Sets[13-15].

An edge-valued fuzzy iterated Meta-Graph is a depth-t iterated Meta-Graph whose certified la-
beled meta-edges carry degrees in [0, 1] as weights. Fix t € N and the depth-t universes (&, R®)
as above.

Definition 4.1 (Edge-valued fuzzy iterated Meta-Graph of depth ¢). An edge-valued fuzzy iterated
Meta-Graph of depth t over (&) R®) is a tuple

MO = (VO, EO, s 40 70,0,
where (VO E® s 10 A0) € Meta(&®), R™) is an iterated Meta-Graph of depth ¢ and
) BEO — [0, 1]

is a fuzzy edge-strength (or edge-membership) map.
Thus, in addition to

1742 C Qj(lﬁ)7 s(t),t(t) N SLONEN V(t), A® . p@® R(lf)7
we require the (crisp) certification constraint
Ve e ED: (sW(e), tD(e)) € AV (e),

while u(t) (e) quantifies the strength/confidence/intensity of the certified meta-edge e.
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Example 4.2 (Concrete real-world example of an edge-valued fuzzy iterated Meta-Graph of depth ¢).
We present a concrete nontrivial case with depth ¢ = 1 (a fuzzy graph whose vertices are Meta-
Graphs). The setting is enterprise software dependency and risk management in a microservice archi-
tecture.

Depth 0 (service-internal graphs). Let each microservice S have aninternal (finite, simple, undirected)
module-call graph Gg € & as in Example 2.7. Assume a metadata map

Deps : & — P(Packages),

where Deps(G) is the set of external libraries/packages (e.g. OSS dependencies) used by the service
represented by G.
Define a relation label on & capturing shared dependency:

Raep == {(G,H) € & x & | Deps(G) N Deps(H) # 0}, R :={Raep }-

Depth 1 vertices (Meta-Graphs for product domains). Let (1) = Meta(®, R) and RY = RT.
Construct two domain-level Meta-Graphs:

My € Meta(®,R) (Checkout domain), M € Meta(®,R) (Account domain),

where each meta-vertex is a service-internal graph G5 and each meta-edge in the domain is labelled
by R4, Whenever two services share at least one package.

Depth 1 crisp certification (lifted relation). The existential lifting of R, yields Rgep e RW on &W:

(My, My) € R, <= JzcV(M)3yecV(M): (z,y) € Raep.

dep

Assume (M, Mace) € R(Tiep holds because there exist services G,y € V(M) and Gauen €
V(M) that share a library, e.g. a TLS or JSON parsing package.

Depth 1 fuzzy enrichment (edge-valued fuzzy iterated Meta-Graph). Define the underlying iterated
Meta-Graph of depth ¢t = 1:

MY = (V(l),E(l)7s(l),t(1), )\(1)) e Meta(sM, RW)

by
V(l) = {Mchk7 Macc}a E(l) = {8}7

8(1)(8) = Mchk; t(l)(&?) = Macc, )\(1)(8) = fiT

dep*

The certification constraint is satisfied because (s (¢), t(¢)) = (Metk, Mace) € Rliep-
Now attach a fuzzy edge-strength ") : E() — [0, 1] by quantifying the strength of the cross-
domain dependency coupling. For instance, let Crit : Packages — [0, 1] be a severity score (e.g.

normalized CVSS-like criticality) and define
pM(e) = min(l, Z Crit(p)),
pEDeps(Mcni)NDeps(Macc)
where

Deps(M) := U Deps(G)

is the set of packages used anywhere in the domain Meta-Graph M.
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Finally, define .
MO = (V(l),E(l),s(1)7t(1), A(l),u(l)),

which is an edge-valued fuzzy iterated Meta-Graph of depth t = 1 in the sense of Definition 4.1.

Interpretation. The crisp label Rgep certifies the existence of at least one shared dependency between

the Checkout and Account domains. The fuzzy value u(l)(s) qguantifies how strong or risky that certi-
fied relation is, e.g. higher when many critical packages are shared (or when a small number of shared
packages has high criticality). This is useful for prioritizing security remediation and architectural de-
coupling efforts.

Theorem 4.3 (Well-definedness of edge-valued fuzzy iterated Meta-Graphs). Fix t € Ny. Assume
Meta(&® RM) is the class of all Meta-Graphs over (&), R"). Then Definition 4.1is well-defined in
the following sense:

(i) Thetuple M® = (VO EBW 5O 10 X0 1) is a well-typed mathematical object (every com-
ponent has a specified domain/codomain).

(i) The underlying quintuple (V®, E® st 1 A®) s g Meta-Graph in Meta(&", R®).

(iii) Therefore, M® defines an edge-valued fuzzy enrichment of an iterated Meta-Graph of depth t
by attaching a membership value in [0, 1] to each certified meta-edge.

Proof. By the hypothesis of Definition 4.1, we start with a quintuple
(V(t), E(t),s(t),t(t), )\(t)) c Meta(ﬁ(t),'R(t)).
Unpacking membership in Meta(&®  R®)) (Definition 1.2), this means precisely that
v Ce®, s 0 . pt) sy A0 Bl s RO
and the certification constraint holds:
Ve e EW 1 (sW(e), tV(e)) € AD(e).
Next, Definition 4.1 specifies an additional map
p® BO 5 0,1].

Therefore every component of M) = (VO E® s O O 41) has a clear domain and codomain,
so M® is a well-typed tuple, proving (i).

Moreover, the underlying quintuple is Meta-Graph by assumption (and the above unpacking),
proving (ii). Finally, the extra structure u(t) assigns to each (already certified) meta-edge e € E®
avalue 1 (e) € [0, 1], which is exactly an edge-valued fuzzy enrichment of the iterated Meta-Graph,
proving (iii). O]

Future research may further extend the proposed framework by incorporating alternative graph-
based and uncertainty-aware structures, including neutrosophic graphs [16], plithogenic graphs [17,
18], hypergraphs [19, 20], bidirected graphs [21, 22], and superhypergraphs [23]. Such extensions could
provide richer mechanisms for representing uncertainty, higher-order interactions, multidimensional
relationships, and complex hierarchical dependencies within Meta-Graph and iterated Meta-Graph
environments.

10
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5. Conclusion

In this paper, we introduced the concepts of Meta-Graphs and iterated Meta-Graphs as hierarchi-
cal graph-theoretic structures capable of representing relationships among graphs and among higher-
level graph objects. A formal recursive framework was established through the definition of Meta-
Graph constructors, relation-lifting mechanisms, and iterated universes, providing a mathematically
consistent foundation for multi-level graph representations.

Furthermore, two novel extensions were proposed. The Temporal Iterated Meta-Graph enables
the modeling of evolving hierarchical graph systems through time-indexed snapshots, while the edge-
valued fuzzy iterated Meta-Graph incorporates degrees of strength, confidence, or uncertainty into
certified meta-relations. These extensions broaden the applicability of the framework to dynamic and
uncertain environments.

The presented examples demonstrate that Meta-Graphs and their iterated forms can serve as use-
ful tools for describing complex interconnected systems, including organizational structures, software
architectures, dependency networks, and other multi-layered domains. We believe that the proposed
framework provides a foundation for future theoretical developments and practical applications in-
volving higher-order relational structures, hierarchical network analysis, and multi-level modeling of
complex systems.
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